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Abstract

This paper proposes a local projection residual bootstrap method to construct con-
fidence intervals for impulse response coefficients of AR(1) models. Our bootstrap
method is based on the local projection (LP) approach and involves a residual bootstrap
procedure applied to AR(1) models. We present theoretical results for our bootstrap
method and proposed confidence intervals. First, we prove the uniform consistency
of the LP-residual bootstrap over a large class of AR(1) models that allow for a unit
root, conditional heteroskedasticity of unknown form, and serially dependent shocks.
Then, we prove the asymptotic validity of our confidence intervals over the same class
of AR(1) models. Finally, we show that the LP-residual bootstrap provides asymptotic
refinements for confidence intervals on a restricted class of AR(1) models relative to

those required for the uniform consistency of our bootstrap.
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1 Introduction

This paper contributes to a growing literature on confidence interval construction for im-
pulse response coeflicients based on the local projection (LP) approach (Jorda (2005)). In
this literature, the LP approach estimates an impulse response coefficient as one of the slope
coefficients in a linear regression of a future outcome on current or lag-augmented covariates
(Ramey (2016); Nakamura and Steinsson (2018); Montiel Olea and Plagborg-Mgller (2021a)).
Recent theoretical results exist for the asymptotic validity of the confidence intervals con-
structed around the LP estimator, which hold over a large class of vector autoregressive
models (Xu (2023)). Since these confidence intervals have small-sample coverage distortions
(e.g., coverage probability is lower than expected), their bootstrap versions are recommended
for practical use. However, theoretical results for these bootstrap versions are unknown, even
for the AR(1) model. This paper proposes a bootstrap method to construct LP confidence
intervals with theoretical guarantees for a large class of AR(1) models that allow for unit

root, conditional heteroskedasticity of unknown form, and serially dependent shocks.

We propose an LP-residual bootstrap method to construct confidence intervals for impulse
response coefficients of AR(1) models. Our bootstrap method is based on the LP approach
and involves a residual bootstrap procedure applied specifically to AR(1) models.! Our
bootstrap confidence intervals are centered at the LP estimator and use heteroskedasticity-

consistent (HC) standard errors and a bootstrap critical value. Section 3 presents the details.

We rely on the asymptotic distribution theory initially developed in Montiel Olea and
Plagborg-Mgller (2021a) and generalized in Xu (2023). In their framework, a root R, (h)
based on the LP approach can be defined for a given horizon h and a sample size n. Here,
by a root we refer to a real-valued function depending on the data and an impulse response
coefficient. Their results guarantee the root R,(h) is asymptotically distributed as a stan-
dard normal distribution for a class of VAR models that allow for multiple unit roots and
conditional heteroskedasticity of unknown form. As a result, the root R,(h) can be used
to construct a confidence interval C,(h,1 — «) for an impulse response coefficient using a
normal critical value (quantile of the asymptotic distribution). Furthermore, C,(h,1 — «)
has asymptotic coverage equal to the nominal level 1 —« uniformly over the parameter space
(VAR model coefficients) and intermediate horizons (e.g., h < h,, = o(n)). Nevertheless,

Monte-Carlo simulations report C,,(h, 1 — ) has a lower coverage probability than expected.

!Section 7 presents the LP-residual bootstrap for VAR(p) models, but its theoretical properties are
unknown and left for future research; see Remarks 4.4 and 5.5 for further discussion. Appendix E.1 reports
a Monte Carlo simulation for the LP-residual bootstrap for vector autoregressive models.



We propose the LP-residual bootstrap method to approximate the distribution of the
root R,(h) as an alternative to the asymptotic distribution. We use our approximation
to calculate bootstrap-based critical values; see Section 3.1 for the step-by-step procedure.
Specifically, we construct a confidence interval C(h, 1 —«) for an impulse response coefficient

using the root R,(h) and a bootstrap critical value; see Section 3 for details.

Our first result proves the uniform consistency of the LP-residual bootstrap. More con-
cretely, we demonstrate in Section 4 that the distribution of the root R, (h) can be approx-
imated by its bootstrap version uniformly over the parameter space (e.g., p € [—1,1]) and
intermediate horizons (e.g., h < h, = o(n)). Our result applies to a large class of AR(1)
models that allow for a unit root, conditional heteroskedasticity of unknown form as in
Gongalves and Kilian (2004), which includes ARCH and GARCH shocks, and sequence of
shocks that satisfy the martingale difference assumption. To obtain this result, we prove the
root R, (h) is asymptotically distributed as a standard normal distribution for sequences of
AR(1) models with i.i.d. shocks (Theorem B.1). In particular, we prove that a high-level
assumption (Assumption 3 in Montiel Olea and Plagborg-Mgller (2022) and Assumption 4
in Xu (2023)) necessary for the theoretical properties of C,(h,1 — «) can be verified for
sequences of AR(1) models with i.i.d. shocks (Proposition B.1).

Our first result implies that the LP-residual bootstrap method provides asymptotically
valid confidence intervals over a large class of AR(1) models that allow for a unit root, con-
ditional heteroskedasticity of unknown form (e.g., GARCH shocks), and serially dependent
shocks. Moreover, our confidence interval C(h,1 — «) has an asymptotic coverage equal to

the nominal level 1 — a uniformly over p € [—1, 1] and intermediate horizons.

Our second set of results shows that the LP-residual bootstrap provides asymptotic re-
finements to the confidence intervals on a more restricted class of AR(1) models (e.g., |p| < 1,
i.i.d. shocks, and the existence of positive continuous density), that is, the size of the error
in coverage probability (ECP) of C*(h,1 — «) is o(n™!), whereas the size of the ECP of
Cn(h,1 — ) is O(n™'). More concretely, Theorem 5.2 shows the ECP of C*(h,1 — «) is
o(n~(1%9) for some € € (0,1/2). To obtain these results, we derive Edgeworth expansions
for the distribution of the root R, (h) and its bootstrap version for a fixed h and |p| < 1. An
informal discussion to calculate the size of the ECP using Edgeworth expansions appears in

Section 5.1, while the formal results are established in Section 5.2.

Other bootstrap methods to construct confidence intervals for the impulse response coef-

ficients have been considered and recommended based on simulation studies in the growing



literature on LP inference. Montiel Olea and Plagborg-Moller (2021a) use a wild bootstrap
procedure to generate new samples and compute critical values, but the theoretical results
for their bootstrap method are unknown. Kilian and Kim (2011) presents a simulation study
including a block-bootstrap method to construct confidence intervals based on the LP ap-
proach, but the theory of their block-bootstrap method is unknown; see Remarks 5.1 and 5.2
for alternative block-bootstrap procedures with theoretical guarantees. Recently, Lusompa
(2023) proposes a block wild bootstrap method for confidence interval construction that is
point-wise valid for a class of stationary data-generating processes; however, his bootstrap
method is not applicable for an AR(1) model with a unit root. In contrast, we present
a bootstrap method based on the LP approach with theoretical guarantees for a class of
AR(1) models that allow for a unit root, conditional heteroskedasticity of unknown form,

and serially dependent shocks.

More broadly, we contribute to the literature on confidence interval construction for im-
pulse response coefficients. For short horizons (fixed h), the problem of confidence interval
construction has been studied by Andrews (1993), Hansen (1999), Inoue and Kilian (2002),
Jorda (2005), Mikusheva (2007, 2015), among others. For long horizons (h, = (1 — b)n for
some b € (0,1)), the problem of confidence interval construction was revised by Gospodinov
(2004), Pesavento and Rossi (2006), and Mikusheva (2012) since the methods for short hori-
zons produced invalid confidence intervals when the data-generating process allows for unit
roots. Recently, the problem of confidence interval construction for intermediate horizons
(h, = o(n)) was addressed in Montiel Olea and Plagborg-Mgller (2021a) and Xu (2023),
which was a case not covered in the literature. In this paper, we propose bootstrap confidence

intervals that are asymptotically valid at short and intermediate horizons.

Moreover, for short horizons (fixed h), our bootstrap confidence intervals are an alter-
native to the grid bootstrap; see Hansen (1999) and Mikusheva (2007, 2012). The grid
bootstrap computes bootstrap critical values over a grid of points since it relies on test in-
version, which makes the procedure computationally intensive. In contrast, our confidence
interval only requires computing one bootstrap critical value. Furthermore, our bootstrap
confidence interval is asymptotically valid for AR(1) models with unit root, conditional het-
eroskedasticity of unknown form (e.g., GARCH shocks), and serially dependent shocks; see
Remark 4.2 for further discussion. In contrast, to the best of our knowledge, it is unknown
if the grid bootstrap is valid for AR(1) models with GARCH shocks. Our Monte-Carlo
simulations in Section 6.1 show coverage distortion for the confidence intervals based on the
grid bootstrap for AR(1) models with GARCH shocks.



The remainder of the paper is organized as follows. In Section 2, we describe the setup
and previous results. In Section 3, we introduce our bootstrap confidence interval and
the LP-residual bootstrap. In Sections 4 and 5, we study the theoretical properties of the
LP-residual bootstrap: uniform consistency and asymptotic refinements. In Section 6, we
investigate the numerical performance of the LP-residual bootstrap using a small simulation
study. In Section 7, we describe how to implement the LP-residual bootstrap for VAR
models. Finally, in Section 8, we present concluding remarks. All the proofs are presented in
Appendices A and B, and Supplemental Appendices C and D. Additional simulation results
appear in Supplemental Appendix E.

2 Setup and Previous Results on Local Projection

Consider an AR(1) model,

Y= pYi1t+uw, yo=0, pe[-1,1]. (1)

Denote the impulse response coefficient at horizon h € N by

Blph) = p" . (2)

An estimator for B(p, h) based on the LP approach is obtained as the slope coefficient of ¥,

in the linear regression of v, on y; and y;_1,

Yith = Bn(h)yt + A (R)yi—1 + ét(h), t=1,....n—h, (3)

where (B,(h), An(h)) and {&(h) : 1 <t < n — h} are the coefficient vector and residuals
of the linear regression (3), respectively. This lag-augmented LP approach was developed in
Montiel Olea and Plagborg-Mgller (2021a), where they give conditions under which the co-
efficient /3,(h) consistently estimates 3(p, h). Equation (3) is a lag-augmented LP regression
since the coefficient on ;1 is known to be zero under (1); see Remark 2.2 for additional

details on this LP approach.

Let 8,(h) be the heteroskedasticity-consistent (HC) standard error of §,(h) in the lag-

augmented LP regression (3), which can be computed as follows



t=1

(ni 3/?—1) (ni ytyt1> . (5)

For a given h € N, we consider the following real-valued root for the parameter 5(p, h):

o —1/2 4 12 —1/2
§n<h>z(zat<h>2) (zwwm?) ( atw) -

where 4,(h) = y; — pn(h)y;—1 and

pn(h)

Bn(h) — ﬁ(pv h)
Sn(h) ’

Ru(h) = (6)
where 3(p, h) is as in (2), B,(h) is computed as in (3), and §,(h) is as in (4). We denote the
distribution of the root R, (h) by

Jo(z,h, P, p) = P, (R,(h) <z) , (7)

where z € R, h € N, P is the distribution of the shocks {u; : t > 1}, p € R, and P, denote
the probability distribution of the sequence {y; : ¢ > 1}, which is defined jointly by the
distribution P and the parameter p in (1).

Let ¢,(h,1 — @) be the 1 — o quantile of |R,(h)| under the distribution P,,
cn(h, 1 —a)=inf{ue R: P,(|R,(h)| <u) >1—a} . (8)

Ideally, we would use the root R, (h) and the critical value ¢, (h, 1—a) to construct confidence
sets for 5(p, h) with a coverage probability of 1-«. That is collecting all the parameters 3(p, h)
such that |R,, (k)| < C,(h,1—a), which is equivalent to defining the next confidence interval

Co(h,1 =) = |Bu(h) = ca(h, 1 — @) 5,(h), Bu(h) + cn(h,1 — ) 8,(h)

However, the critical value c¢,(h,1 — «) is unknown since the distribution of the root is
unknown in general. As a result, the confidence interval C,(h,1 — ) is infeasible. For this
reason, it is common to approximate the distribution of the root R, (h) relying on asymptotic

distribution theory or bootstrap methods to approximate the infeasible ¢, (h,1 — «).



2.1 Previous Results

The asymptotic distribution theory developed in Montiel Olea and Plagborg-Mgller (2021a)
and Xu (2023) imply that the distribution J,(z, h, P, p) converges to the standard normal
distribution ®(z) whenever certain assumptions on the distribution of the shocks P hold.
Moreover, this convergence is uniform over the values of p € [—1,1] and intermediate hori-
zons, that is

sup sup sup |J,(z,h, P,p) —P(x)] -0 as n— oo, (9)
pI<1 h<h, 2R

where h,, <n and h,, = o (n). Assumptions 4.1 and 4.2 in Section 4 are sufficient conditions
on the distribution P to obtain (9) due to Theorem 2 in Xu (2023).

The confidence interval for 3(p, h) based on asymptotic distribution theory is defined as
Culhy 1= @) = |Bu(h) = 21a/2 $0(R), Bulh) + 21aps 50(R)] (10)

where 2z1_q/0 = ®~ (1 — a/2) is the 1 — /2 quantile of the standard normal distribution.
The result in (9) implies that confidence interval C,(h,1 — «) is uniformly asymptotically
valid in the sense that its asymptotic coverage probability is equal to the nominal level 1 —«

uniformly over p and h,

sup sup |P,(B(p,h) € Cp(h,1 —a)) = (1 —a)] =0 as n— oo,

lp|<1 h<hn
where h,, < n and h, = o(n). Three features of C,,(h,1 — «) deserve further discussion.
First, it is simpler to compute than available alternatives in the sense that it does not
require any tuning parameter. It is common to use heteroskedasticity- and autocorrelation-
robust (HAR) standard errors for inference whenever we have dependent data. The major
complication of HAR standard errors is the choice of the (truncation) tuning parameter;
see Lazarus et al. (2018). In contrast, the HC standard errors $,(h) defined in (4) are
simple to compute and sufficient for inference under certain conditions on the distribution
P; see Remark 2.1 for further explanation. Second, the uniform asymptotic validity of the
confidence interval C,,(h,1 — «) avoids pre-testing procedures about the nature of the data-
generating process (|p| < 1 vs p = 1) that can distort inference; see Mikusheva (2007). In
particular, inference using C,(h,1 — «) holds regardless of the value of p € [—1,1]. Third,
the confidence interval C,,(h, 1 —«) has theoretical guarantees at intermediate horizons (e.g.,

h = h, < o(n)). This is an important feature for inference on impulse response coefficients



at intermediate horizons. Other methods to construct confidence intervals that work at short
horizons (h fixed) may have problems at long and intermediate horizons; see Gospodinov
(2004), Pesavento and Rossi (2006), Mikusheva (2012), and Montiel Olea and Plagborg-
Mgller (2021a) for additional discussion.

Remark 2.1. The HC standard errors $,,(h) defined in (4) are sufficient for the construction
of valid confidence intervals under certain conditions on the distribution P. In particular,
as it was pointed out by Xu (2023), it is sufficient and necessary that the scores {&(p, h)uy; :
1 <t < n—h} be serially uncorrelated, where &(p,h) = Z?:l " uy. To explain the
sufficiency of this condition, we use the derivations presented on page 1811 in Montiel Olea
and Plagborg-Moller (2021a) that implies that the root R, (h) defined in (6) can be written

as follows

—-1/2

(=W el ) [0 = 07 I Gl
El&(p, h)2af])” E [6(p, h2uf) 2

+enl(p, h) ,

where ,(p,h) is a remainder error term. We derive three implications under Assumptions
4.1 and 4.2, presented in Section 4. First, the term in parentheses converges to a normal
distribution with variance correctly scaled by the denominator when the scores are serially
uncorrelated. This condition is guaranteed by part (i) of Assumption 4.1. Second, the
term between brackets converges in probability to its denominator due to serially uncorrelated
scores. Third, the remainder error term e,(p, h) converges in probability to zero. Importantly,
Xu (2023) proposed alternative standard errors for the construction of confidence intervals

under serially correlated scores.

Remark 2.2. The lag-augmented LP regression has the purpose of making the effective
regressor of interest stationary. To see this, let us use the AR(1) model in (1) to obtain

Yern = B(p, Ry + &(p, h), where &(p, h) = Z?Zl " uyyn, which can be rewritten as

Yern = B(p, h)ue + pB(p, h)y—1 + &(p, 1)

Based on the previous equality, an estimator for B(p, h) is defined as the slope coefficient of
ug 1n the linear regression of yiipn on uy and yi—q. This estimator is ideal since the effective
regressor is stationary (by assumption). However, this regression is unfeasible since u; is
not observed. Nevertheless, the estimator can also be obtained in the lag-augmented LP

regression of Yin on Yy and y,_1 since y; is a linear combination of u; and y;—1 due to (1).



3 The LP-Residual Bootstrap

This paper proposes an LP-residual bootstrap for confidence interval construction. Our

confidence interval for the impulse response coefficient 3(p, h) is defined as

~

CH(h,1— ) = | Bu(h) — c¢(h, 1 — @) 5,(R), Bu(h) + ¢ (h,1—a) 8,(h)| , (11)

where /3, (h) is an estimator for 8(p, h) defined in (3), 4, (h) is its heteroskedasticity-consistent
(HC) standard error defined in (4), and ¢ (h,1 — «) is a bootstrap critical value defined in
(15).

3.1 Bootstrap Critical Value

Let Y = {y, : 1 <t < n} be data generated by (1). Let c:(h,1 — a) be the bootstrap

critical value involving the following steps:

Step 1: Estimate p in the AR(1) model defined in (1) with the data Y™ using linear regression,
denoted by

pr = (ny_1> <Zyt_1yt> : (12)

and compute the centered residuals

{ip=d,—n"Y @ :1<t<n}, (13)

t=1
where U = yr — PaYi-1-

Step 2: Generate a new sample of size n using (1), (12), and (13). Define the sample as

* ~ * * *
Yot = Pn¥pi—1 T Upy yb70:0, t=1,...,n,

where {uzn : 1 <t < n}is arandom sample from the empirical distribution of the
centered residuals defined in (13). The new sample {y;, : 1 <t < n} is called the

bootstrap sample.

Step 3: Compute B{fn(h) and 8; . (h) as in (3) and (4) using the lag-augmented LP regression



and the bootstrap sample {yg‘t : 1 <t < n}. Define the bootstrap version of the root

By (h) = B(pn, )
8hn(h) ’

Ry, (h) = (14)

where B(p, h) and p, are as in (2) and (12), respectively.

Step 4: Define the bootstrap critical value as the 1 — a quantile of R}, (k)| conditional on the
data Y, denoted by

(b1 —a)=inf{ueR:P,(|R;,(h)| <ul Y(”)) >1—a} . (15)

We named this procedure the LP-residual bootstrap due to steps 2 and 3. Step 2 generates
bootstrap samples based on the estimated model and a residual bootstrap procedure. Step
3 computes the bootstrap version of the root based on the lag-augmented LP regression. To
our knowledge, this bootstrap procedure is new; see Remark 3.2 and 5.1 for other bootstrap

procedures involving roots based on LP estimators.

We use the bootstrap critical value ¢ (h,1 — a) in the construction of the confidence
interval defined in (11). The explicit formula in (15) has two implications. First, the boot-
strap critical value ¢ (h,1 — «) depends on the data, the sample size n, and the horizon
h. Second, we can compute ¢’ (h,1 — «) with perfect accuracy whenever we use the exact
empirical distribution of the centered residuals defined in (13). However, the computation of
an exact distribution can be computationally demanding; therefore, it is common to approx-
imate it using Monte Carlo procedures as we describe in Remark 3.1, which has a theoretical

justification due to Glivenko—-Cantelli’s theorem.

Remark 3.1. It is a common practice to approximate the bootstrap critical value ¢ (h,1—«)
using a Monte Carlo procedure (Horowitz (2001, 2019)). We generate B bootstrap samples
of size T', where each b-th bootstrap sample {yg‘t : 1 <t < n} is generated as in step 2.
We then obtain {|R;,(h)| : 1 < b < B}, where each Ry, (h) is computed as in step 3.
Finally, we approzimate the bootstrap critical value ¢ (h,1 — «) by the 1 — o quantile of

{1R;,,(h)| : 1 <b < B}, denoted by

Cp(h, 1 —a)=in {UER Z[{|Rbn |§u}21—a}.

The accuracy of the approximation improves as the number of bootstrap samples B increases.

9



We use B = 1000 in our simulation study presented in Section 6.

Remark 3.2. Another bootstrap procedure to approximate the infeasible critical value ¢, (h, 1—
a) is presented in Section 5 in Montiel Olea and Plagborg-Moller (2021a), which they rec-
ommend for practical use. They use the wild bootstrap procedure described in Gongalves and
Kilian (2004). For this reason, we name their procedure the LP-wild bootstrap. The only
difference with respect to the LP-residual bootstrap is in Step 2. The LP-wild bootstrap de-
fines the shocks as follows: uy, = @z for allt = 1,...,n, where {a, : 1 <t <n} are the
centered residuals defined in (13) and {z; : 1 < t < n} is an i.i.d. sequence of standard
normal random variables independent of the data Y ™. To our knowledge, the theoretical
properties of the LP-wild bootstrap are unknown. We include the LP-wild bootstrap in our

simulation study presented in Section 6.

Remark 3.3. We propose the LP-residual bootstrap method for constructing confidence in-
tervals, aiming to provide a more accurate asymptotic approximation than the first-order
asymptotic distribution for conducting inference. In Sections 4 and 5, we study the validity
of this bootstrap method and its theoretical properties under assumptions on the distribution
of the shocks and under the assumption of correct specification, i.e., the data are generated
from the AR(1) model in (1). To our knowledge, the theoretical properties of the root R, (h)
for general forms of misspecification are unknown. Recent work by Montiel Olea et al. (2024)
imply that R, (h) is still asymptotically pivotal under a specific form of local misspecification.
The analysis of the theoretical properties of the LP-residual bootstrap under misspecification

1s out of the scope of this paper.

4 Uniform Consistency

We show the uniform consistency of the LP-residual bootstrap (Theorem 4.1) and that our
proposed bootstrap confidence interval C?(h,1 — «) defined in (11) is uniformly asymptot-
ically valid (Theorem 4.2). In what follows, we first present and discuss the assumptions,

and we then establish the results.

The following assumption imposes restrictions on the distributions of the shocks P. These
assumptions are based on the general framework developed by Xu (2023) that generalized
the work of Montiel Olea and Plagborg-Mgller (2021a).

Assumption 4.1.

10



i) {uy : 1 <t < n} is covariance-stationary and satisfies Elus | {us}s<:] = 0 almost

surely.
i) Eluiug_sui ] =0 for all s #r, for all t,r,s > 1.

iir) {uy : 1 <t < n} is strong mizing with mizing numbers {a(j) : j > 1}. There ezists
(>2,e>1, and C, < 00, such that a(j) < Chj=%/C=2) for all j.

w) For ¢ defined in (iii), E[u*] < Cs < 0o, and E[u? | {us}set] > C, almost surely.

Part (i) of Assumption 4.1 assumes the shocks are a martingale difference sequence.
This assumption allows for uncorrelated dependent shocks and implies that the shock w;
is uncorrelated with y,_;. Part (ii) in Assumption 4.1 includes a large class of conditional
heteroskedastic autoregressive models (e.g., ARCH and GARCH shocks), and it has been
common in the literature; for instance, Gongalves and Kilian (2004) use a similar assumption
(Assumption A’) to prove the asymptotic consistency of the wild bootstrap for autoregressive
processes. Moreover, this assumption implies that the process {&(p, h)u; : 1 <t <n—h}is
serially uncorrelated, where & (p, h) = Z?:l ", ,,, which is important for the use of HC
standard errors as we discussed in Remark 2.1. Part (iii) and (iv) of Assumption 4.1 are
mild regularity conditions on the distribution of the shocks P to establish uniform bounds
of approximation errors, which can be relaxed if stronger assumptions are imposed over the

serial dependence of the shocks; see Assumption B.1 in Appendix B.

The next assumption is a high-level assumption and imposes additional restrictions on
the distributions of the shocks P.

Assumption 4.2.

M—oco n—oo |p|<1

lim lim inf P, ( g(p,n)~? n_Iny_l >1/M > =1,
t=1

1/2
where g(p,k)Z( il p”) '

This assumption implies that the estimator p,(h) defined in (5) is well-behaved in the
sense that its denominator after scaled by the factor g(p, n—h) converges to a strictly positive
limit. As a result, we can replace the residual u;(h) = y; — pn(h)y;—1 by the shock u;, which
implies the second and third implication discussed in Remark 2.1. We show in Proposition

B.1 that Assumption 4.2 can be verified if the shocks are i.i.d. and satisfied mild regularity

11



conditions (Assumption B.1). In Appendix C of Montiel Olea and Plagborg-Mgller (2021a),

this assumption is verified for AR(1) models whenever a contiguity condition holds.

Assumptions 4.1 and 4.2 guarantee that the distribution J, (-, h, P, p) defined in (7) can
be approximated by the standard normal distribution ®(-) uniformly on p € [—1, 1] and h as
in (9). Let P, be the empirical distribution of the centered residuals defined in (13) and let
fn be the estimator of p defined in (12). Using this notation J, (-, h, By, p,) is the distribution
of the bootstrap root R, (h) defined in (14) conditional on the data Y (™ The next theorem
shows that the distribution J,(+, h, P, p) can be approximated by the bootstrap distribution
Jn(, by B, pr) uniformly on p € [—1, 1] and intermediate horizons (e.g., h < h,, = 0(n)), i.e.,

the LP-residual bootstrap is uniformly consistent.

Theorem 4.1. Suppose Assumptions 4.1 and /.2 hold. Then, for any € > 0 and for any

sequence h, < mn such that h, = o(n), we have

sup P, (sup sup |J(z, b, P, p) — Jo(, b, Py, p)| > e) —0 as n— o0, (16)

lpl<1 h<hn, z€R

~

where J,(z,h,-,-) is as in (7), P, is the empirical distribution of the centered residuals
defined in (13), and p,, is as in (12).

Theorem 4.1 shows that the LP-residual bootstrap is uniformly consistent, i.e., the boot-
strap distribution J,(-, h, B, pn) approximates the distribution J,(-, h, P, p) uniformly over
the parameter space (p € [—1,1]) and intermediate horizons (h < h,). Two features of
this uniform approximation result deserve further discussion. First, uniform consistency of
bootstrap methods over the parameter spaces of autoregressive models is not just a technical
detail but a crucial property to guarantee reliable inference methods; see Mikusheva (2007).
Otherwise, it is possible to obtain for any sample size n a parameter p, such that the dis-
tance between the distributions J, (-, h, B, pn) and Jy, (-, h, P, p) is far from zero. Second, the
uniform approximation over the horizons is necessary for inference purposes at intermediate
horizons. Other valid methods for a fixed h do not necessarily work for i growing with the

sample size.

The proof of Theorem 4.1 is presented in Appendix A.1. It has two main ideas. First,
we show that the approximation result presented in (9) also holds for sequences of AR(1)
models with i.i.d. shocks (Theorem B.1),

sup sup sup sup |J,(z,h,Pp)—®(x)| =0 as n— o,
PePy o h<hn |p|<l =z€R
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where P, o denotes the set of all distributions that satisfy Assumption B.1 in Appendix B.2,
hy, is as in Theorem 4.1, J,,(+, h, P, p) is as in (7) and ®(-) is the standard normal distribution.
Assumption B.1 imposes stronger restrictions on the dependence of the shocks (i.i.d.) and
some mild regularity conditions. The formal result is presented in Appendix B.2 as Theorem
B.1. Second, we show that Assumptions 4.1 and 4.2 imply the existence of a sequence of
events F,, with probability approaching 1 such that the empirical distributions P, conditional
on the event E,, verify Assumption B.1. In other words, we show that pn € P, holds with
a probability approaching 1. The construction of the events FE, relies on Lemma B.1 in
Appendix B.1. We use the previous two ideas to approximate the distribution J, (-, h, 15”, Pn)
by the standard normal distribution ®(-) conditional on the event FE,. Finally, we conclude
that the distributions J,(, h,Pn, pn) and J,(-, h, P, p) are asymptotically close since both

have the same asymptotic limit.

The next result shows that the confidence interval C}(h, 1—a) defined in (11) is uniformly
asymptotically valid in the sense that its asymptotic coverage probability is equal to 1 — «

uniformly over p and h.

Theorem 4.2. Suppose Assumptions 4.1 and 4.2 hold. Then, for any sequence h, < n such
that h,, = o (n), we have

sup sup |P, (B(p,h) € Cr(h,1 —a))—(1—a)] >0 as n— oo, (17)

lpI<1 h<hn

where B(p, h) and C%(h,1 — «) are as in (2) and (11), respectively.

Theorem 4.2 provides the theoretical justification to conduct inference on the impulse
response coefficient 5(p, h) using our bootstrap confidence interval C(h,1 — «). Note that
the only difference with respect to the confidence interval C,(h,1 — «) defined in (10) is
the critical value, which was equal to 2;_4/2. The critical value z;_,/» was the same for
different sample sizes n and horizons h. Instead, we now use a critical value ¢ (h, 1 — «) that
depends on the data, the sample size, and the horizon. We evaluate the difference in coverage
probability between the confidence intervals C,,(h,1 — «) and C(h,1 — «) using simulations
in Section 6. The simulation results provide evidence that the coverage probability of our

proposed confidence interval C(h,1 — «) is closer to 1 — « than that of C,(h,1 — «).

The proof of Theorem 4.2 is presented in Appendix A.2. It only relies on the uniform

consistency of the bootstrap procedure. We next sketch the main arguments of the proof.

13



We first note that (17) is equivalent to

sup sup |P, (|R,(h)| < ¢ (h,1—a))—(1—a)] =0 as n—oo.

lpl<1 h<hn
We then use that the bootstrap critical value ¢ (h,1 — «) is included in [Zl_a/g_e, Zl_a/2+€]
with a probability approaching 1 for arbitrary ¢ > 0; see Lemma B.3 in Appendix B.1.
This result is possible because the root R, (h) is asymptotically normal and the LP-residual
bootstrap is uniformly consistent. Third, we can conclude using algebra manipulation and

the asymptotic normality of the root R,,(h) that

limsup sup sup |P, (|Rn(h)] < c(h,1 —a)) — (1 — )] < 2€,

n—oo |p|<1 h<hy,

which implies (17) since € > 0 was arbitrary.

Remark 4.1. We can use the LP-residual bootstrap to construct equal-tailed percentile-t

confidence intervals denoted by C.. . (h,1—«). That is

Chor—tn( 1= @) = [Balh) = 5001 = /2) $0(R), ) = 45(0/2) 5u(B)] . (18)

where By () is as in (3), §,(R) is as in (4), and ¢ (h, o) is the ag-quantile of the bootstrap
root Ry (h) defined in (14). Three features of C,

er—tn(h, 1 — ) deserve further discussion.

First, the bootstrap quantiles ¢’ (h, ag) can be approzimated using Monte Carlo procedures in a
(h,1—a)

can be asymmetric around Bn(h) by construction, which is not the case of C’(h,1 — ) that

similar way as we discussed in Remark 3.1. Second, the confidence interval Cp,, ,

is a symmetric one. Third, C,._, ,

(h,1 — «) is uniformly asymptotically valid,

sup sup |Pp (ﬁ(p, h) e C

|p|<1 h<h per—tn(h1—a)) —=(1—a)[ =0 as n— oo,
pI=L =Nn

where h, < n and h, = o(n). The proof of this claim follows directly by Theorem /.1,
Lemma B.3, and the proof of Theorem /.2. We include C*

o er_tn(h, 1 — ) in our simulation

study in Section 6.

Remark 4.2. For short horizons (fized h), the available grid bootstrap (Hansen (1999);
Mikusheva (2012)) is a valid alternative to our bootstrap confidence interval C(h,1 — «)
when the conditional variance of the shocks is constant. The grid bootstrap is a method to
construct confidence intervals for the parameter B(p, h) defined in (2) based on test inversion.
Mikusheva (2007, 2012) shows that the grid bootstrap provides confidence intervals that are

14



uniformly asymptotically valid in the sense that its asymptotic coverage probability is equal
to 1 — v uniformly on p € [—1,1]. Nevertheless, when the conditional variance of the shocks
is not constant (e.q., GARCH shocks), it is unknown if the confidence intervals based on the
grid bootstrap are valid. In contrast, C}(h,1 — «) remains valid for a larger class of AR(1)
models. We include the grid bootstrap presented in Mikusheva (2012, Section 3,3) in our

simulation study presented in Section 6.

Remark 4.3. If we restrict our analysis to data-generating processes with weak dependence
(e.g., |p| <1 —a for some a € (0,1)) and consider stronger assumptions in the distribution
of the shocks {u; : 1 <t < n}, then both claims in (16) and (17) can hold for long horizons
(e.g., hy, < (1=b)n for someb € (0,1)). In other words, the confidence interval C*(h,1— «)
has theoretical guarantees for long horizons under certain conditions. Assumptions 1-2 in
Montiel Olea and Plagborg-Mpller (2021a) are sufficient to guarantee this claim; a formal
proof can be derived following the same strateqy presented in Appendiz A to prove Theorem
4.1 and 4.2. In particular, the proof of Theorem B.1 can be adapted for long horizons
since |p| < 1 — a implies that g(p, h,)?/(n — h,) — 0 as n — oo for any h, < (1 — b)n,
where g(p,h) = {30, pP*"D}V2 This technical condition was satisfied when |p| < 1 and
h, = o(n).

Remark 4.4. For strictly stationary data, the results in Theorems 4.1 and 4.2 can be ex-
tended to vector autoregressive (VAR) models considered in Montiel Olea and Plagborg-Moller
(2021a) that satisfy their Assumptions 1 and 2. A proof of these extensions may be done
using the finite sample inequalities presented in their online appendixz and following the ap-
proach we presented in Appendizes A and B. We leave the details of a formal proof to future
research. For non-stationary data, it is an open question whether the LP-residual bootstrap
1s consistent for VAR models. Our approach relies on verifying Assumption 4.2 for an ap-
propriate sequence of AR(1) models; therefore, an analogous approach may require a similar

step for VAR models, which is out of the scope of this paper.

Remark 4.5. We can use Theorem 4.2 to show the uniform validity of alternative methods to
construct confidence intervals for B(p, h); however, some alternative confidence intervals can
be impractical at the intermediate horizon. For instance, a confidence interval C},_ . (h,1—a)
for B(p, h) can be obtained by first constructing a confidence interval for p using Theorem j.2
(taking h = 1) and then by using B(p,h) = p" (monotone transformation). Unfortunately,

*

(B 1 — ) can be very wide asymptotically for certain data-

the confidence interval
generation processes and intermediate horizons. More concretely, for any L > 1 it can be
shown P, ([1/L,L] C C},_o(h,1—a)) = 1 as n — oo when p = 1 — ¢;/n (local-to-unit

la—ar
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models) and h ~ /n. We formally establish this result in Proposition B.2 in Appendiz B.
This result is similar to the ones presented in Appendiz B.2.2 in Montiel Olea and Plagborg-
Moller (2021a) for the lag-augmented AR bootstrap confidence interval of Inoue and Kilian
(2020), which is a bootstrap confidence interval related but different to C},_, .(h,1 — «).

a—ar

5 Asymptotic Refinements

We first discuss informally why the LP-residual bootstrap method provides asymptotic re-
finements to the confidence intervals in Section 5.1, i.e., the size of the error in coverage
probability (ECP) of the confidence interval C*(h,1 — a) defined in (11) is o(n™!), whereas
the size of the ECP of C,(h,1 — a) defined in (10) is O(n~'). We then present stronger
conditions on the data-generating process to provide formal asymptotic refinement results in
Section 5.2. In what follows, we use ¢(z) and ®(x) to denote the probability and cumulative

distribution functions of the standard normal distribution, respectively.

5.1 Why a Bootstrap Method?

The explanation below is not new; see Hall and Horowitz (1996), Horowitz (2001, 2019),
and Lahiri (2003). It has the purpose of introducing the main elements and challenges that
arise to obtain asymptotic refinements. We first state that the root R, (h) is asymptotically
pivotal due to the result in (9), i.e., the distribution of the root J,(-, h, P, p) converges to
a limit distribution ®(-) that does not depend on the distribution of the shocks P or the
parameter p. It is often the case that for asymptotically pivotal roots there exist polynomials
gj(z,h,P,p) in x € R with coefficients that depend on the moments of P and p such
that (i) gj(x, h, P,p) = (=1)"T'q;(—x, h, P,p) for j = 1,2 and (ii) we can approximate the
distribution of the root R, (h),

To(a,h, P,p) = ®(x) + Y 0 9q;(x,h, P, p)p(z) +o(n") (19)

j=1

and the distribution of the bootstrap root Rj, (h),

2
To(@, h, Py, po) = @(x) + > n792q5(x, b, Po, pn)d(x) + 0, (n71) (20)

j=1
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where J,(x,h,-,-) is as in (7), P, is the empirical distribution of the centered residuals
defined in (13), and p,, is the estimator of p defined in (12). The approximations in (19) and
(20) are known as Edgeworth expansions and are commonly used to show that the bootstrap
methods provide more accurate approximations than the asymptotic distribution theory; see
Hall (1992) for a textbook reference for the case of i.i.d. data.

To our knowledge, there are no available theoretical results about valid Edgeworth ex-
pansions for the root we use in this paper. In that sense, the approximations in (19)-(20)

and the discussion presented below are informal.

We can use the Edgeworth expansions defined in (19)-(20) to calculate the sizes of the
ECP of the confidence intervals C,(h,1 — «) and C*(h,1 — «). First, the exact coverage
level P, (B(p,h) € Cy(h,1 —a)) is equal to P, (|Rn(h)] < z1_a/2) due to the definitions of
Cy(h,1—a) and R, (h) in (10) and (6), respectively. Second, note that (19) and the properties
of g;(+, h, P, p) implies that for any > 0, we have

P, (IR, (h)| < 2) =2®(x) — 1+ n"2¢a(x, h, P, p)p(z) + 0 (n7") . (21)

Taking & = zi_q/2, we conclude the size of the ECP of C,,(h,1 — «) is O(n™'). Similarly, we
use (20) and the properties of ¢;(-, h, B, Pn) to obtain

P, (R, (h)| < x| Y(")) = 20 (x) — 1 + n " 2q5(z, h, Py, pn)b(x) + 0, (n7)
=20(z) — 14+ n "2¢s(z, h, P, p)p(x) + 0, (1) , (22)

where the last equality uses that ¢u(x,h, Pn,ﬁn) = q(x,h,P,p) + 0,(1). Now, we can
conclude that ¢f(h,1 — a) = ¢,(h,1 — a) + 0, (') taking z = ¢,(h,1 — @) in (21) and
x = c}(h,1 —«a) in (22). Since the exact coverage level of C}(h,1 — «) can be written as

P,(|R,(h)| < ci(h,1—a)) and ¢ (h,1 — a) = ¢u(h,1 — a) + 0, (n71), it follows that

P, (IR, ()| < ci(h, 1 —a)) = P, (|Ru(h)] < ca(h,1—a))+o(n')=1—a+o(n') .
We conclude the ECP of the confidence interval C*(h,1 — «) has size o (n™'). In contrast,
the ECP of C,(h,1 — «) has size O(n™!).

The informal explanation presented above suggests that the LP-residual bootstrap pro-
vides asymptotic refinements when (i) there exist valid Edgeworth expansions for the distri-
bution of the root and its bootstrap version as in (19)-(20) and (ii) the polynomials defined
in the Edgeworth expansions satisfy g;(z,h, P, p) = (=1)"*'q;(—xz, h, P, p) for j = 1,2 and
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@ (x, b, Py, pn) = qa(x, h, P, p) + 0, (1). We present in Section 5.2 conditions under which the

previous informal discussion can be formalized.

5.2 Formal results

This section presents conditions under which the LP-residual bootstrap provides asymptotic
refinements to the confidence interval. Under these conditions, we calculate the sizes of the
ECP for Cy(h,1 — «) and C}(h,1 — «) in Theorems 5.1 and 5.2, respectively.

The following assumption imposes stronger conditions on the distribution of the shocks
P than the ones presented in Assumption 4.1. We use this assumption to formalize the

informal explanation about asymptotic refinements presented in Section 5.1.

Assumption 5.1.

i) {u;: 1 <t <n} is a sequence of i.i.d. random variables with E[u;] = 0.
i) ug; has a positive continuous density.

iii) Ele™] < e for all |x| < 1/c, and E[u2] > C, for some constants c,, Cy > 0.

Part (i) of Assumption 5.1 imposes stronger conditions over the serial dependence of the
shocks. This assumption is common for theoretical analysis of the asymptotic refinement
of the bootstrap method in autoregressive models. An incomplete list of previous research
that uses this assumption includes Bose (1988), Park (2003, 2006), and Mikusheva (2015).
Parts (ii) and (iii) of Assumption 5.1 are sufficient technical conditions on the distribution
of the shocks P to establish the existence of the Edgeworth expansions presented in (19)-
(20). Part (ii) implies that the distribution J,(-, h, P, p) defined in (7) is continuous and
guarantees that a data-dependent version of the Cramér condition holds, which is a common
condition to guarantee the existence of Edgeworth expansions; see Remark 5.4 for further
discussion. Part (iii) implies that any sufficiently large number of moments exist and are
uniformly bounded by a function of the constant c,, which is important to guarantee the
Edgeworth expansion for the bootstrap distribution J, (-, h, ]5”, pn). Although this condition
is strong, it is not atypical in the literature of the asymptotic refinement of the bootstrap
method with dependent data; for instance, Hall and Horowitz (1996) and Inoue and Shintani
(2006) assume the existence of 33rd and 36th moments, respectively, while Andrews (2002)

assumes that all the moment exists.
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We rely on Assumption 5.1, the approach and results presented in Bhattacharya and
Ghosh (1978) and Bhattacharya (1987), and the general framework developed by Gotze and
Hipp (1983) to prove the existence of Edgeworth expansions with dependent data. The
framework of Gotze and Hipp (1983) requires weakly dependent data and verifying stronger
regularity conditions than the ones needed in the case of i.i.d. data; see Hall (1992) and
Lahiri (2003) for textbook references. Therefore, we restrict our analysis to data-generating
processes with weak dependence (e.g., |p| < 1 — a for some a € (0,1)) in a similar way to
previous research on asymptotic refinements involving dependent data that includes Bose
(1988), Hall and Horowitz (1996), Lahiri (1996), Andrews (2002, 2004), and Inoue and
Shintani (2006). It is an open question whether there exist Edgeworth expansion as in (19)-
(20) for the case p = 1. See Remark 5.6 for further discussion on alternative methods and

available results.

Theorem 5.1. Suppose Assumption 5.1 hold. Fix a given h € N and a € (0,1). Then, for
any p € [-1+a,1 —a], we have

[P, (B(p,h) € Cu(h,1 =) = (1 —a)| =0(n™") (23)

where B(p, h) is as in (2) and Cy,(h,1 — «) is as in (10).

The ECP of C,,(h,1—«) has a similar size as the one derived in our informal explanation
in Section 5.1. Similar sizes of the ECP were obtained for symmetrical confidence intervals
in the i.i.d. data case; see Hall (1992) and Horowitz (2001, 2019).

The proof of Theorem 5.1 is presented in Appendix A.3. It uses two main ideas developed
previously in the literature. First, we approximate the distribution J, (-, h, P, p) by another
distribution .J, (-, h, P, p) up to an error of size O (n='=¢) for a fixed ¢ € (0,1/2); similar
approach has been used in Hall and Horowitz (1996) and Andrews (2002, 2004). Second,
we use that the distribution jn(, h, P, p) admits an Edgeworth expansion up to an error of
size O (n™%/?) based on the results of Bhattacharya and Ghosh (1978) and Gétze and Hipp
(1983, 1994); see Theorem B.2 in Appendix B.3. These two ideas guarantee the existence
of the Edgeworth expansion presented in (19). We then conclude the proof by standard

derivations similar to the one derived in our informal explanation presented in Section 5.1.

The next theorem shows that the LP-residual bootstrap provides asymptotic refinements
to the confidence intervals. In other words, the size of the ECP of our bootstrap confidence
interval defined in (11) for B(p, h) is o(n™1).
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Theorem 5.2. Suppose Assumption 5.1 hold. Fix a given h € N and a € (0,1). Then, for
any p € [-1+a,1 —a| and € € (0,1/2), we have

By (B(p.h) € Ci(h,1 = a)) = (1 —a)| =0 (n" ) | (24)
where B(p, h) is as in (2) and Ci(h,1 — «) is as in (11).

Theorem 5.2 presents the size of the ECP of the confidence interval C(h,1 — «) in (24).
This is similar to the one derived in our informal explanation in Section 5.1, but it is typically

larger than those obtained for the ECP of symmetrical confidence intervals using bootstrap
methods in the i.i.d. data case; see Hall (1992) and Horowitz (2001, 2019).

The proof of Theorem 5.2 is presented in Appendix A.4. It relies on two claims: the
existence of the Edgeworth expansion for the distribution J,(-, h, P, p) and the existence of
constants Cy and Cy such that P,(|A,| > Cin=(1F9) < Con=(149) where A, = ¢/ (h,1—a) —
¢n(h,1 —a), and ¢,(h,1 — «) and ¢ (h,1 — «) are defined in (8) and (15), respectively. We

next sketch the proof based on those two claims. We can derive

P, (B(p,h) € Ch(h,1 — ) = P, (|Ra(h)| < cp(h, 1 — )
=P, (|Rn(h)] <cp(h1—a)+ A, A, < Cln’(1+6)) +0 (n’(”E))
=1—a+0 (n*(”e)) ,

where the last equality follows from the existence of the Edgeworth expansion for the distri-

bution J,(-, h, P, p) (our first claim), which implies
P, (IR.(W)| € cp(h,1—a)+ 0 (n"9)) =1—a+0 (n~119) .

Note that the first claim follows from Theorem 5.1. To prove our second claim, we first show
that there is an event E,, such that (i) J,(-, b, P,, p,) has an Edgeworth expansion as in (20)
conditional on FE,, and (ii) the probability of the complement of E,, is equal to O (n_(1+6))
for any € € (0,1/2); see Lemma B.5 in Appendix B.1. We then follow standard arguments
in the literature to prove this claim. Finally, note that O(n=U%9)) for any e € (0,1/2) is

equivalent to o(n~=(1+9) for any € € (0,1/2), which is the error stated in Theorem 5.2.

Remark 5.1. The bootstrap methods proposed in Hall and Horowitz (1996) and Andrews
(2002) can be adapted for the construction of confidence intervals for the impulse response

B(h, p) defined in (2). Four points based on their framework and results deserve further dis-
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cussion. First, their bootstrap method consists of the nonoverlapping block bootstrap scheme
(Carlstein (1986)) and overlapping block bootstrap (Kunsch (1989)). Second, they show
that their bootstrap methods provide asymptotic refinements to the critical values of t-tests
based on generalized method of moments (GMM) estimators b7 and weakly dependent data
{Z;, : 1 <t < n}. One of their main conditions is that the series of moment functions
{9(Z;,0) : t > 1} are uncorrelated beyond some finite lags, i.e. for some k > 0 we have
Elg(Z,0)9(Zs,0)] = 0 for any t,s > 1 such that |t — s| > k. Third, the LP estimator
Ba(h) defined in (3) can be presented as a GMM estimator using the following dependent
data {Z; = (Ye—1, Y, Yern) : 1 <t <n} and moment function: g(yiin, e, 0) = (Yeon — O0x4) 2y,
where x; = (Y, yi—1)'. Then, we can invoke their results and use their bootstrap methods but
only for the case of |p| < 1 and under additional assumptions. Note that their main condition
can be verified with k = h. Fourth, we can construct confidence intervals for B(p,h) based

on their asymptotic distribution theory.

Remark 5.2. As we mentioned in Remark 5.1, we can use the bootstrap methods presented
in Hall and Horowitz (1996) and Andrews (2002, 2004) to construct confidence intervals for
B(p,h) since the LP estimator B,(h) defined in (3) can be presented as a GMM estimator.
Their results provide sizes of the ECP of these confidence intervals that are qualitatively

similar to the one found in Theorem 5.2.

Remark 5.3. The size of the ECP of C,

er—t,n(

h,1—a) is O(n™'). We presented and dis-
(h,1 —«) in Remark 4.1. To
compute the size of its ECP, we can use the existence of the Edgeworth expansions presented
in (19)-(20) and Theorem 5.2 in Hall (1992). The size of the ECP of Cy.,._, .(h,1 — ) is
similar to the one obtained in (23) for the ECP of C,(h,1 — «); therefore, the LP-residual

bootstrap does not provide asymptotic refinement for equal-tailed percentile-t confidence in-

cussed the equal-tailed percentile-t confidence interval C},, ., ,

tervals. Similar conclusions were obtained for the case of i.i.d. data; see Hall (1992) and
Horowitz (2001, 2019).

Remark 5.4. We use part (ii) of Assumption 5.1 to verify that a dependent-data version
of the Cramer condition required in Gdtze and Hipp (1983) holds, which is an important
condition for the existence of the Edgeworth expansion in the dependent-data case. However,
verifying that condition is quite difficult in general, as pointed out by Hall and Horowitz
(1996) and Gotze and Hipp (1994), among others. Therefore, we proceed in two steps based
on the results by Gdétze and Hipp (1994) that propose simple and verifiable conditions to
guarantee the conditions required by Gdtze and Hipp (1983), including the dependent-data
version of the Cramer condition. We first approximate the distribution J,(-,h, P, p) by a
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distribution J,(-, h, P,p). We then use part (ii) of Assumption 5.1 to verify the conditions
required in Theorem 1.2 of Gotze and Hipp (1994), which guarantee the existence of Edge-
worth expansion, for the distribution J, (-, h, P, p).

Remark 5.5. For strictly stationary data-generating processes, the results in Theorems 5.1
and 5.2 can be extended to the family of vector autoregressive (VAR) models that satisfy
similar assumptions to the ones presented in Assumption 5.1, which are stronger than As-
sumptions 1 and 2 in Montiel Olea and Plagborg-Moller (2021a). These extensions can be
shown by verifying the conditions required in Gétze and Hipp (1994). We leave the details
of a formal proof for the VAR models for future research.

Remark 5.6. An alternative method for asymptotically approzimating a finite sample dis-
tribution is the stochastic embedding and strong approximation principle used in Park (2003,
2006) and Mikusheva (2015). Using this method in the local-to-unit asymptotic framework for
the AR(1) model, Mikusheva (2015) showed that the grid bootstrap version of the t-statistic
approzimates its finite sample distribution up to an error of size o(n='/?). It is an open
question whether these techniques can be adapted to show that LP-residual bootstrap provides

asymptotic refinements to the confidence intervals when p = 1.

6 Simulation Study

We examine the finite sample performance of C’(h,1 — «) defined in (11) using different
data-generating processes. We consider a sample size n = 95, which is the median sample
size based on 71 papers that have utilized the LP approach; see Herbst and Johannsen

(2021). Additionally, we examine other confidence intervals presented in the paper.

6.1 Monte-Carlo Design

We use four designs for the distribution of the shocks {u; : 1 <t¢ < n} and two values for the
parameter p € {0.95,1} in our Monte-Carlo simulation. The shocks are defined according
to the GARCH(1,1) model:

2 2 2 .
Up = TV, T = Wo +wWily_q + weT;_q, 7 arei.i.d. ,
where the distribution of v; and the parameter vector (wo,w;,ws) are specified as follows:
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Design 1: v, ~ N(0,1), wo = 1, and wy = wy = 0.
Design 2: v, ~ N(0,1), wy = 0.05, w; = 0.3, and wy = 0.65.
Design 3: v, ~ t4/v/2, wo = 1, and w; = wy = 0.

Design 4: v|B; = j ~ N(mj,03), where B, € {0,1}, B, = 1 with probability p = 0.25, mg =
2/0y, my = —6/03, 09 = 0.5/09, 01 = 2/09, and o3 = p(m? + 71) + (1 — p)(mZ + 0v),
wp = 0.05, w; = 0.3, and wy, = 0.65.

We consider nine different confidence intervals for each design and values of p. All
our confidence intervals use the HC standard errors §,(h) defined in (4). Additionally, we

consider alternative HC standard errors $;,(h) defined as

neh -1/2 4. 4 2 —1/2
§j,n(h)5<zﬁt(h)2> ( éj,t(h)zﬁt(h)2> <Zﬂt(h)2> ;

t=1 t= t=1

for j = 2,3, where &54(h)2 = &(h)%/(1 — Phy) and Es(h)? = &(h)?/(1 — Py )2 We use the
projection matrix P, = X,(X}X;,) !X}, where X, is a matrix with row elements equal to

(ug(h), yi—1) for t =1,...,n — h. The confidence intervals that we use are listed below

1. RB: confidence interval as in (11) based on the LP-residual bootstrap.

2. RB,.,_: equal-tail percentile-t confidence interval as in (18). It is based on the LP-

residual bootstrap and discussed in Remark 4.1.

3. RBye3: confidence interval as in (11) but using 53,(h) and c3,,(h,1 — a) instead of
8,(h) and c;,(h,1 — «), where c3,,(h,1 — a) is computed as in Section 3.1 but using
83.,(h) instead of sy (h).

4. WB: confidence interval as in (11) but using c¢***(h,1 — «) instead of ¢ (h,1 — a),

n

where ¢®®*(h,1 — «) is based on the LP-wild bootstrap; see Remark 3.2.

5. WB,._: equal-tail percentile-t confidence interval as in (18) but using ¢“%*(h, ap)

wb,*
n

instead of ¢ (h, ap), where ¢¥*(h, ap) is based on the LP-wild bootstrap discussed in

Remark 3.2.

6. GBr: confidence interval based on the grid bootstrap presented in Section 3.3 in
Mikusheva (2012). It uses the LR statistic.
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7. AA: standard confidence interval as in (10).
8. AAj.: standard confidence interval as in (10) but using $,,(h) instead of §,(h).

9. AAj: standard confidence interval as in (10) but using 83, (h) instead of §,(h).

6.2 Discussion and Results

In all the designs, the shocks have zero mean and variance one. Designs 1-2 verify Assumption
4.1 presented in Section 4. Design 1 also verifies Assumption 4.2 due to Proposition B.1 in
Appendix B.2. Assumption 4.2 can be tedious to verify in general since it involves computing
a probability for all the parameters p in the parameter space and taking their infimum. In
contrast, designs 3-4 do not verify all the parts of Assumption 4.1. Design 3 considers shocks
without a fourth moment, i.e., it does not verify part (iv) of Assumption 4.1, which was a
regularity condition. Design 4 considers a distribution of the shocks (GARCH errors with
asymmetric v and nonzero skewness) that lie outside the class of conditional heteroskedastic
processes that we consider in this paper, i.e., it does not verify part (ii) of Assumption 4.1.
As we discussed in Remark 2.1, part (ii) of Assumption 4.1 was a sufficient condition for the

validity of the HC standard errors §,(h) in the construction of confidence intervals.

Tables 1 and 2 report the coverage probabilities (in %) of our simulations. Columns are
labeled as the confidence intervals we specified in Section 6.1. For all the designs on the
distribution of the shock and values of p, we use 5000 simulations to generate data with a
sample size n = 95 based on the AR(1) model (1). In each simulation, we compute the nine
confidence intervals described above for horizons h € {1,6,12, 18}. The confidence intervals
have a nominal level equal to 1 —a = 90%. The bootstrap critical values are computed using
B = 1000 as described in Remark 3.1. We summarize our findings from the simulations

below.

Five features of Table 1 deserve discussion. First, it shows that our recommended con-
fidence interval RB has a coverage probability closer to 90% than the confidence intervals
AA 5 AA,., and AA, 3 for all the designs 1-3, values of p, and horizons h, with some few
exceptions. The lowest coverage probability of RB, AA, AA,,.», and AA;3 are 85%, 77%,
78%, and 79%, respectively, and occur when p = 1 and horizon h = 18. Second, RB and

RB/3; have better performance than RB,.,_;, especially when p = 1 and the horizon is a
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P h RB RBper—t Rthg WB WBper—t GBLR AA AAhCQ AAhcg
Design 1: Gaussian i.i.d. shocks

095 1 90.04 89.60 90.08 90.38  90.32 90.38 88.26 89.12  89.60
6 89.36 88.98  89.38 90.46  90.22 90.38 85.00 85.58 86.44

12 88.12 86.96 88.08 89.60  88.28 90.38 83.78 84.44 85.34

18 8796 86.08 87.88 89.46  88.08 90.38 84.44 85.16 85.86

1.00 1 90.20 89.80 90.30 90.48  90.34 89.46 88.30 88.90 89.66
6 89.80 89.44  89.80 90.68  90.22 89.46 83.54 84.42 85.28

12 8792 87.60 87.90 88.78  89.02 89.46 80.32 81.30 81.94

18 86.22 84.76  86.22 87.02  86.36 89.46 7834 79.16 79.98

Design 2: Gaussian GARCH shocks

095 1 8886 89.00 89.40 90.18  90.02 85.94 86.84 88.10 89.16
6 8794 88.00 88.26 90.12  90.74 85.94 83.64 84.52 85.60

12 87.08 85.72  87.28 88.72  88.18 85.94 8296 83.90 84.88

18 86.36 84.36 86.40 8798  86.94 85.94 8276 8344 84.38

1.00 1 88.64 8882 89.14 89.96  89.94 88.38 86.72 87.84  88.90
6 88.96 88.52 89.08 90.76  90.96 88.38 82.34 83.76 84.52

12 86.64 86.08 86.60 88.56  88.68 88.38 79.14 80.46 81.32

18 8490 83.74 84.78 86.56  86.52 88.38 76.64 T77.74 78.70

Table 1: Coverage probability (in %) of confidence intervals for 3(p,h) with a nominal level of
90% and n = 95. 5,000 simulations and 1,000 bootstrap iterations.

1% h RB RBper—t Rthg WB WBper—t GBLR AA AAhCQ AAhc3
Design 3: t-student i.i.d. shocks

095 1 90.00 90.08 90.36 90.52  90.32 90.06 88.04 89.24  90.26
6 89.08 8848 89.28 89.76  89.64 90.06 84.04 8540 86.66

12 8774 86.18 87.90 88.46  87.42 90.06 82.78 84.24 85.46

18 88.08 85.38 88.26 89.12  87.52 90.06 83.36 84.80 86.20

1.00 1 89.96 89.88 90.16 90.36  89.98 90.44 87.74 88.82 90.16
6 89.78 88.60 89.84 90.52  89.84 90.44 82.88 84.54 85.78

12 87.56 86.82 87.64 88.40  88.22 90.44 79.04 80.30 81.56

18 85.64 84.40 86.00 86.80  86.24 90.44 77.50 78.84 80.22

Design 4: mix-gaussian GARCH shocks

095 1 89.00 89.86 89.32 88.80  89.60 87.82 86.38 87.20 87.88
6 8790 90.62 88.14 89.12  92.04 87.82 84.30 85.30 86.18

12 84.14 86.64 84.00 85.58  87.98 87.82 80.70 81.52 82.32

18 8348 84.70 83.66 85.32  86.88 87.82 80.46 81.40 82.56

1.00 1 88.84 90.24 89.04 88.98  89.70 88.02 86.60 87.24 88.00
6 8824 91.26 88.50 89.62  92.66 88.02 8278 83.82 84.64

12 8496 88.54  85.08 86.74  89.86 88.02 7740 7832 79.50

18 8230 84.62 8234 8390 86.30 88.02 74.18 75.28 76.14

Table 2: Coverage probability (in %) of confidence intervals for 5(p,h) with a nominal level of
90% and n = 95. 5,000 simulations and 1,000 bootstraps iterations.
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significant fraction of the sample size (h € {12,18}). Third, WB and WB,,,_; have larger
coverage probability than RB for all the designs 1-3, values of p, and horizons h, with some
few exceptions. The larger coverage of WB and WB,,,_; is associated with a larger median
length of their confidence intervals, as we reported in Table E.1 in Appendix E. Fourth,
AA,; . presents a coverage probability closer to 90% and larger than AA and AAj. for
all the designs 1-3, values of p, and horizons h. This finding suggests that using §s,(h)
instead of §,(h) can improve the coverage probability of the confidence interval; however,
confidence intervals based on bootstrap methods (e.g., RB and WB,,,_;) report coverage
probability closer to 90%. Fifth, GByr has a coverage probability close to 90% on design
1 (ii.d. shocks), while it has some distortions on design 2 that are larger on p = 0.95.
As we mentioned in Remark 4.2, it is unknown if the grid bootstrap is valid for design 2.
The coverage probability of GBg is constant across horizons because the LR statistic is
invariant to monotonic transformations; see Section 4.3 and footnote 6 on Mikusheva (2012)

for more details.

Table 2 presents results for designs 3-4. Our findings for design 3 are qualitatively similar
to Table 1, which was discussed above. This suggests that failing part (iv) of Assumption
4.1 (a regularity condition) does not have a major effect on the coverage probability of
the confidence intervals that we considered. In contrast, design 4 shows that some of our
qualitative findings can change if we fail to verify part (ii) of Assumption 4.1. This result is
consistent with existing theory since this assumption was a sufficient condition for the validity
of confidence intervals that use HC standard errors §,(h); see Remark 2.1. In particular,
RB,.,_; has a coverage probability closer to 90% and larger than RB and RBy,3. The small
sample size (n = 95) does not explain the findings for design 4. We obtain similar results

for a sample size n = 240 in Table E.3 in Appendix E.

Finally, Table E.2 in Appendix E reports the statistical power of the confidence intervals
specified in Section 6.1. Here, we refer by statistical power to the coverage probabilities
(in %) of (size-adjusted) confidence intervals for parameters different than the true one. In
this sense, a low coverage probability of a confidence interval is desirable. We find all the
confidence intervals have coverage probability around 80% on horizon A = 1 and designs 1,
2, and 3, which suggest they have statistical power at h = 1. We also notice that RB,, ¢,
WB,.,_; and GBp have a coverage probability strictly lower than 90% for horizon h = 6
and designs 1, 2, and 3. Moreover, they have a lower coverage than all the other confidence
intervals. Finally, all the confidence intervals have coverage above 90% on design 4, with the

exception of GBpg for horizon h = 1.
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7 LP-Residual Bootstrap for VAR Models

This section describes the LP-residual bootstrap method to construct confidence intervals
for a scalar function of impulse responses of VAR(p) models, where p denotes the number of
lags. More concretely, we propose the confidence interval in (25) for v/fy,;, where 3;,; € R
is the vector containing all the impulse response coefficients of the reduced-form shocks in
the variable i at h periods in the future. Here, v € R\ {0} is a user-specified vector, e.g.,
v = e; (the j-th unit vector) implies v/, ; is the impact of the j-th reduced-form shock in

the variable i at h periods in the future.

The confidence interval for v/, ; is defined as
Cih1=a) = [VBin(h) = (B 1 = ) Sl v), V/Bin(h) + €41 = 0) Sin(h )], (25)

where B, (h), 8in(h,v), and ¢ (h,1 — ) are defined in (26), (27), and (30), respectively.

Let {y; € RF:1<t< n} be the available time-series data. Suppose the data have been
demeaned. Denote X; = (y;_1,...,¥;,) forallt =p+1,... ,n. Let Bin(R) be obtained

from an OLS regression between y; ;45 and (y;, X7),
Yit+h = Bz’,n(h)/yt + Yim(R) Xy + éi,t(h> . (26)

Let 3;,,(h,v) be the standard error for /;,,(h) defined by

n—h 1/2
A 1 I — £ ~ ~ A RS -
Si,n(ha l/) = n——h—p {V Z(h) 1 ( Z gz,t(h)2ut<h)ut(h)> E(h) ly} (27)
t=p+1
where
R R n—nh n—~h -1
y(h) =y — A(h) Xy, A(h) = ( Z th£> ( Z XtXt/>
t=p+1 t=p+1
and
33(h) ! nih ay (Rt (h)’
= 7 t t
n—h—p S

Finally, let ¢! (h,1 — «) be the bootstrap critical value involving the following steps:
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Step 1:

Step 2:

Step 3:

Step 4:

Estimate a VAR(p) model with the data Y™ using linear regression,
yt:AnXt—i_/&t ,t=p+1,....n
where

&:(iﬂxﬂ(ing_, (28)

t=p+1 t=p+1

and compute the centered residuals

1 n
{ﬂtzﬁt—nTZﬁt:ijlgtSn}. (29)

t=p+1

Generate B new samples of size n using (28) and (29). Define the sample as

p
Vie=> Awe vt g, t=p+l..n,

=1
where the initial p observations (y;,,...,¥;,) are draw at random from the n —p + 1
blocks of p consecutive observations in the original data. Here, A, = (Aml, e ,Amp)

are matrices estimated in (28) and {u;, : 1 <t < n} is a random sample from
the empirical distribution of the centered residuals defined in (29). The new sample

{3, : 1 <t < n} is called the bootstrap sample.

Compute Bg‘m(h) and 8;, ,(h) as in (26) and (27) using the lag-augmented LP regres-
sion and the bootstrap sample {y,it :1<t<n}foreach b=1,..., B. Define

* V/B*zn(h) _Vlﬁi(A’mh)
Ry, (h.v) = —* 5 in(h,v)
b,in\"'"

. b=1,....B

where 3;(A, h) € RF is the impulse response of all reduce-form shocks in the variable
i at horizon h implied by the VAR(p) model with coefficients A = (A4;,...,A,). Here,

~

A, is as in (28).

Compute the 1 — a quantile of the B draws of I}, (h,v). Denote this by

B
1
cr(h,1 —a)=inf {u cR I bEZI H|R;, (h,v)| <u} >1 a} (30)
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The theoretical properties of the bootstrap confidence interval defined in (25) are un-
known for general VAR models. However, Monte-Carlo simulations presented in Appendix
E.1 suggest that confidence intervals based on the LP-residual bootstrap perform better in
terms of coverage probability than those based on first-order asymptotic theory. Remarks
4.4 and 5.5 provide further discussion on how to extend some of the results presented in this

paper to general VAR models.

8 Concluding Remarks

This paper contributes to a growing literature on confidence interval construction for impulse
response coefficients based on the local projection approach. Specifically, we propose the
LP-residual bootstrap method to construct confidence intervals for the impulse response
coefficients of AR(1) models at intermediate horizons. We prove two theoretical properties
of this method: uniform consistency and asymptotic refinements. For a large class of AR(1)
models that allow for a unit root, conditional heteroskedasticity of unknown form, and
serially dependent shocks, we show that the proposed confidence interval C(h, 1 —«) defined
in (11) has an asymptotic coverage probability equal to its nominal level 1 — o uniformly
over the parameter space (e.g., p € [—1,1]) and intermediate horizons. For a restricted
class of AR(1) models (e.g., |p| < 1 and i.i.d. shocks with positive continuous density), we
demonstrate that the error in coverage probability of C*(h,1 — «) has size o(n™!), that is,

the LP-residual bootstrap provides asymptotic refinements to the confidence intervals.

This paper considered the AR(1) model as the first step in understanding the theoretical
properties of the LP-residual bootstrap. Three possible directions exist for future research.
First, the uniform consistency of the LP-residual bootstrap method is an open question for
the general vector auto-regressive (VAR) model. This bootstrap method is described in
Section 7. Second, the asymptotic refinement property of this method is unknown for the
unit-root model (p = 1) or general VAR models. Third, future work is needed to prove the

uniform consistency of the LP-wild bootstrap discussed in Remark 3.2.
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A Proofs of Result in Main Text

A.1 Proof of Theorem 4.1

We prove a stronger result:

sup P, (sup sup sup |J,(x, h, P, p) — Jp(x, h,f’n,ﬁn)| > e) —0 as n— o0,

lpl<1 h<hn |p|<1 z€R

which is sufficient to conclude (16). The proof has three steps.

Step 1: Let E,, = {g(p,n) n'/? |p, —p| > M}, E,o = {In"' Y1, @2 — o?| > 0%/2}, and
B,z = {n '3, @ > K} be events, where M and K are constant defined next. Fix
n > 0. We use Lemma B.1 to guarantee the existence of M, K, and Ny = No(n) such that
Py(En;) <n/3for j =1,2,3, n > Ny and p € [~1,1]. Define E, = E; , N E;, N Ey 3. By
construction P,(E,) > 1 —n for n > N, and for any p € [-1,1].

Step 2: Conditional on the event E,, we have |p, — p| < Mn=2/g(p,n) for n > N, and for
any p € [—1,1]. Therefore, conditional on the event E,,, we can use Lemma B.2 to conclude
the existence of M and Ny > N such that |p,| < 14 M/n for all n > N;. Note also that
conditional on the event FE),, we have that distribution P, of the centered residuals defined
in (13) verifies Assumption B.1 taking Ky = M, ¢ = 02/2, and 7 = 302/2, i.e., P, e P,
where P, o is defined in Appendix B.2.

Step 3: We use Theorem B.1 taking M = M. This implies that for any ¢ > 0, there
exists Ny = Ny(e,m) > Ny such that sup,cg |Jn(x, h, Py, p) — ®(x)| < €/2, for any n > Ny,
lp| <1+ M/n, h < h, <nand h, = o(n), and P, € P,,. Conditional on E,, we have
P, e P, due to Step 2, then

sup sup |Jo(x, h, Py, pr) — ®(2)| < €/2 (A1)
h<h, z€R

for any n > Ny, h, <n and h, = o(n). By (9) there exists N3 > Ny such that

Sup  Sup  sup ‘Jn(ﬁ,h,P,ﬁ)—q)(I')’ <€/2 )
h<hn pe[-1,1] z€R

for any n > N3, h, < n, and h,, = o(n). Therefore, conditional on the event FE, and using
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triangular inequality, we conclude that

sup sup sup Jn(at,h,P,ﬁ)—Jn(x,h,pn,,én)

h<hn pe[-1,1] z€R

<€,

for any n > N3, h, < n, and h, = o(n). Since P,(E,) > 1 —n for any p € [—1,1], the

previous conclusion is equivalent to
<e€ ) >1—-n,

for any n > N3, h, <n and h, = o(n), which concludes the proof of the theorem.

sup P(sup sup sup Jn(x,h,P,ﬁ)—Jn(a:',h,lf’n,ﬁn)

pE[-1,1] h<hn p€[-1,1] z€R

A.2 Proof of Theorem 4.2
By Lemma B.3, for any € > 0, there exists Ny = Ny(¢) such that
Pp (Zlfa/276/2 < CZ(}% 1- Oé) < Zlfa/2+e/2) >1—e€, (A-2)

for any n > Ny, p € [-1,1] and any h < h, < n and h,, = o(n). Assumptions 4.1 and 4.2
guarantee (9); therefore, there exist N7 > Ny such that

P, (|Rn(h)| < zl_a/2+€/2) <l—a+2 and P, (|Rn(h)| < Zl_a/g_g/g) >1—a—2¢, (A.3)
for any n > Ny, p € [-1,1] and any h < h,, < n and h,, = 0(n). Consider the derivation

B, (B(p,h) € Co(h, 1 — )

Il
U

[Rn(h)] < ¢, (h, 1 — a))
=P, (|Ra(h)| < ¢i(h,1 — ), (h,1 — ) > z1_a2te/2)
+ B, (IRa(R)] < e (h,1 = @), (R, 1 — ) < 21a24e2)

where the last inequality follows by (A.2) and (A.3). Similarly, we obtain the inequality

Py (Ra(W)] < 21aja—2) < By (B(p, 1) € Co(h,1 = @) + By (ch(h 1 = @) < 21-ajaesa) -
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which implies that P, (5(p,h) € Cyi(h,1 —a)) > 1 — a — 2e —e. We conclude that for any
n> Ny, p€[-1,1] and any h < h,, < n and h, = o(n), we have

[P, (B(p, h) € C(h, 1 —a)) = (1 —a)] < 3€,

which completes the proof of Theorem 4.2.

A.3 Proof of Theorem 5.1

We first show that J,(x, h, P, p) admits a valid Edgeworth expansion, that is

sup
zeR

Jn(z, by P, p) — <<I>(x) + Z n’j/2qj(x, h, P, p)(b(x)) ‘ =0 (n’l’e) (A.4)

Jj=1

for some € € (0,1/2), where ¢;(x,h, P, p) are polynomials on x with coefficients that are
continuous functions of the moments of P (up to order 12) and p. Furthermore, we have
ql(xa h7 P, p) = (h(_x? h7 P, p) and QQ(ZEa ha P7 p) = _q2(_37, ha P7 p)

To show (A.4), we first use Lemma B.4 to approximate J,,(z, h, P, p) by jn(x, h, P, p),

sup |Jn<$,h,P, p) — jn(dj, h, P7 p>| — Dn + O (n7175> :
zeR

for some € € (0,1/2), where

D,, = sup jn(a: +n"'"¢ h, P, p) — jn(:c —n" "¢ h, P, p)‘ )
zeR

Due to Theorem B.2, we can conclude D, = O (n™'7¢). We then use Theorem B.2 to

approximate J,(z, h, P, p) by a valid Edgeworth expansion,

sup
zeR

jn(x, h, P, p) — (@(x) + Zn*j/qu(x, h, P, p)¢(:c)> ‘ -0 (n73/2) _

Jj=1

Note that we can use Theorem B.2 since Assumption 5.1 implies Assumption B.2 and the
distribution jn(x, h, P, p) that we obtain from Lemma B.4 satisfy the required conditions.
We conclude (A.4) by triangular inequality. The polynomials g; that appear in (A.4) are the
polynomials in the Edgeworth expansion of J,(z, h, P, p).
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Now, we show that P, (|R,(h)| < x) also admits an asymptotic approximation, that is

ilelg ’Pp (|IR.(h)| < x) — (2@(3;) — 14 2n" " g(z, h, P, p)(b(:c))| =0 (n’lfe) , (A.5)

where ga(z, h, P, p) and € € (0,1/2) are defined in (A.4). Note that (23) follows from (A.5)

since we can write (23) as follows

|Pp (|Rn<h)| < Zl—a/2) - (1- O‘){ =0 (n_1> )
and the previous expression is what we obtain taking r = z;_4/2 in (A.5), where we used
that 1 — o = 2®(2,_4/2) — 1 holds by definition of z;_4 /2.

To show (A.5), we first write
PP (’Rn(h‘)‘ S Q?) = Jn(l’, h7 P7 P) - Jn(_'xaha P7 P) +71n(x) )

where r,(z) = P, (R,(h) = —x). We then use (A.4) to approximate J,(-,h, P, p) and the
properties of the polynomials g;(-, h, P, p) to obtain the following approximation

sup |, (|Ra(h)| < 7) = (2®(2) — 1+ 207 ga(w, h, P, )6 () + (@) | = O (n7) .

zeR

Finally, sup,cg mn(z) = O (n7179) since r,(z) < P,(R,(h) € (—x —n~'7¢, —z]) and (A.4)

holds. We use this in the previous expression to complete the proof of (A.5).

A.4 Proof of Theorem 5.2

The proof has two parts. In the first part we assume that P(|A,| > Cin~17¢) < Cyn~ ¢ for
some constants C and Cy, where A, = ¢ (h,1 —a) — ¢,(h,1 — ). We use this assumption
to prove the theorem with an error of size O(n~(+)) for any € € (0,1/2), which is sufficient

to conclude. In the second part, we prove the assumption of the first part.

Part 1: By (11), we have P,(B8(p,h) € Ci(h,1 —«)) = P,(|R,(h)| < ¢} (h,1 —a)). We
can write this term as the sum of P, (|R,(h)| < ¢u(h,1—a)+ A, |A,] < Cin~ 7€) and
P,(|R.(h)] < cp(h,1 — )+ A, |A,] > Cin~t7¢). We conclude P, (B(p,h) € Ci(h,1 — «))

is equal to
PP (‘Rn(h)’ < Cn(ha 1-— Oé) + An, ’An’ < Clnflfe) + 0 (nflfﬁ) )
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By (A.5) in the proof of Theorem 5.1, we have
P, (|Ru(h)] < x4+ 2n7'7) = P, (|[Ra(h)] < 2) + O (n7'7°)
for z = —(C',C and any x € R. Since
P, (]Rn(h)| <z+ A, A, < Cln’H) <P, (|Rn(h)\ <z+ Clnflfe)
and
Py (1Ba(h)| < @+ Ans [An] < Cin™7) 2 By ([Ru(B)| S @ = Cin ™) + O (n77°)

we conclude P, (|R,(h)| <z + A, A, <n ') = P,(|Ry(h)| <) + O(n'7). Taking
r = cy(h,1 — @) and using that P, (|R,(h)| <c,(h,1 —a)) = 1 — « (due to part 2 in
Assumption 5.1), we conclude P, (B(p,h) € Ci(h,1 —a))=1—a+ 0 (n"179).

Part 2: Fix e € (0,1/2). Define E,,; = {|pn| < 1—a/2}, Epo = {n 'S0 42 > C,}, Ens =
(n= ' S00 k< M}, and B, 4 = {maxj<,<1o |[n ' S0, @ — E[u}]| < n=¢}, where C, and M
are as in Lemma B.5. Define F,, = E, 1NE, 2N E, 3N E, 4. By Lemma B.5 and Assumption
5.1, it follows that P(E¢) < Con~'7¢ for some constant Cy = Cy(a, h, k, C,, €, c,). Note that
conditional on the event F,, we can use Lemma B.4 for the distribution of the bootstrap

root R} (h). That is

sup ‘Jn(xa h, Pna pAn) - jn(xa h, pm ﬁn)’ < Dn + e <n1 Z ’ﬁt‘k + ﬂfk " afk) 7
zeR t=1

for some constant C', where

D, = sup |Jn(z +n"1"¢ h, B, ) — Jn(x —n71C A, B, Pn)

zeR

By Theorem B.3, there is an Edgeworth expansion for J,(z, h, P, pn) conditional on E,,.
This implies D,, < Cn~'7¢ conditional on E,,, for some constant C'. Similarly, conditional on
Ep,n 300 (Jw)® + a* + af*) < O, for some constant C' that depends on M. We conclude
that, conditional on E,,, J,(z, h, Pn, pn) has the following Edgeworth expansion,

~

2
sup |Jn(z, h, Py, pn) — <@(m) + Zn_j/qu(x, h, ﬁ’n,ﬁn)qﬁ(x)) < Cntc.
j=1

zeR
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The properties of g;(x, h, P, pn) from Theorem B.3 and arguments from the proof of Theorem
5.1 imply

sup [P, (IRy()] < 2 [ V) = (28(2) = 14207 s, P p)ole) )| < Cn'
[AS

Recall that the coefficients of ¢s(x, h, B, pn) are polynomial of the moments of B, (up-to
order 12) and p,,. Conditional on F,, we known the moments of Pn are close to the moments

of P In=' 377 4y — Fluf]| <n ¢ for r =1,...,12. Therefore, conditional on E,,, we have

sup | P, (IR5(W)] < o | Y) = (20(2) — 1+ 207 ga(a, b, P, p)e(a)) | < Cn=~* |
zeR

for some constant C'. By (A.5) in the proof of Theorem 5.1, the previous inequality, and the

definition of ¢} (h,1 — a) and ¢,(h,1 — a) as quantiles, we conclude that
|t (h,1 —a) —cp(h,1 —a)| < Cin '€

for some constant ;. This completes the proof of our assumption in part 1.

B Auxiliary Results

B.1 Lemmas

Lemma B.1. Suppose Assumptions 4.1 and 4.2 hold. Then, for any fixed n > 0, there exist
constants M > 0, K4 > 0, and Ny = No(n)) such that

1. P,(g(p,n) n'’? |p, — p| > M) <,
2. P,(In"' Y1 47 — 0| > 0%/2) <1,

3. P, (n_l Sora) > f(4> <n,

1/2
forn > Ny and p € [—1,1], where g(p, k) = (ZIZ:_S p”) , P is as in (12), and {t, : 1 <

t < n} are centered residuals as in (13).

Proof. See Section C.1 in Appendix C. m
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Lemma B.2. For any fized M > 0. Suppose that for any p € [—1,1] we have

M

=Pl < 75—
n'2g(p,n)

1/2 - -
where g(p, k) = ( ’Z;é p2£> . Then, there exist constants M = M(M) > 0 and Ny =
No(M) > 0 such that |p,| <1+ M/n for alln > Ny.

Proof. See Section C.2 in Appendix C. m
Lemma B.3. Suppose Assumptions j.1 and 4.2 hold. Fiz e > 0. Then, for any o € (0,1)
and for any sequence h, < n such that h, = o(n), we have

1. hmn—)oo SUPp<p,, Suppe[—l,l] Pp (Zl—a/2—36/2 < C:(h, 1— Oé) < Zl—a/2+35/2) =1 ;

2. hmn—)oo SUPhghn Suppe[—Ll] Pp (Zao—E/Q S q;(h7()[0> S Zao+e/2) =1 )

where 2z, is the ag-quantiles of the standard normal distribution, ¢ (h,1 — «a) is as in (15),
and q;(h, ag) is the ap-quantile of Ry, (h) defined in (14).
Proof. See Section C.3 in Appendix C. m

Lemma B.4. Suppose Assumption 5.1 holds. For any fired h € N and a € (0,1). Then,
for any p € [-1+a,1 —a] and € € (0,1/2), there exist constant C = C(a, h,k,C,) > 0 and
a real-valued function

T(:0%5,p) : R® =R,

such that

1. T(0;0%, 94, p) =0,

2. T (x;0%,473, p) is a polynomial of degree 3 in x € R® with coefficients that are continu-

ously differentiable functions of o2, ¥, and p,

8. sup,cg |Jr(2, b, P, p) — Jo(x,hy P, p)| < Dy + 07 7C (ElJug|*] + E[u¥] + Eu*])

where 0® = Ep[u?], v§ = Ep[uf], k > 8(1 +¢)/(1 — 2¢),

jn(:p,h,P,p)EPp (( 1/2T< ZXt,U ¢4: )_ ) )
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and

D, =sup |Jo(z +n" " h, P, p) — Ju(z —n" " h, P, p)
zeR

The sequence {X; : 1 <t <n—h} is defined in (B.4). Furthermore, the asymptotic variance
of (n — h)'2T((n — k)" 00 Xis 02,408, p) is equal to one.

Proof. See Section D.1 in Appendix D. m

Lemma B.5. Suppose Assumption 5.1 holds. For any fired h € N and a € (0,1). Then, for

any |p| <1 —a and € € (0,1/2), there exist C = C(a, k,h,C,,€,¢,), Cy, and M such that

1. P(|pu] >1—a/2) < Cn~t~

2 P S, — Blug]] > n) < Onl
3. P (n’l S < C’U> < Cn '

4. Pt Y0 aff > M) < Cnte

for fized r > 1, k > 8(1 +¢€)/(1 — 2¢), where p,, and the centered residuals {t; : 1 <t < n}
are defined in (12) and (13), respectively.

Proof. See Section D.2 in Appendix D. m

B.2 Uniform Consistency
For any fixed M > 0, consider the sequence of models:
yn,t = pnyn,tfl + un,t ) yn,O = O ) and Pn € [_1 - M/”v 1 + M/n] 9

where {u,; : 1 <t <n} is a sequence of shocks with probability distribution denoted by P,.
We use P, and E,, to compute respectively probabilities and expected values of the sequence

{(yntsunt) = 1 <t <n}. This appendix presents results for a sequence of AR(1) models.

We extend the notation introduced in Section 2 for the sequence of models. For fixed

any h < n, the coefficients in the linear regression of 4y, ;1n on (Ynt, Yns—1) are defined by

WY _ (S [
<’Ayn(h)) = (; xn,txm) (; I‘n’tyn’t_t'_h) , (B.1)

37



where 2,1 = (Ynt, Yns—1)". And the HC standard error 5,(h) is defined by

n—h —-1/2 n—h A 1/2 n—h -1/2
§n<h) = (Z an,t(h)2> ( Sn,t(h)Qan,t(h)2) (Z an,t(h)2) )

t=1

Where én,t(h) = yn,t-l—h - Bn(h)yn,t - ’?n(h)yn,t—la an,t(h) = yn,t - ﬁn(h>yn,t—1a and ﬁn(h) 1s

defined as
n—h -1 h
(Z y?@,t—l) (Z yn,tyn,t1> . (B.2)
t=1 t=1

For any fixed positive constants K, > 0 and & > ¢ > 0, we consider the next assumption

pn(h)

that imposes restrictions on the distribution of the shocks P,.

Assumption B.1.

2

n-

i) {tuns: 1 <t <n} areiid. random variables with mean zero and variance o

i) Enlup,] < Ky and o}, € [g, 7).

We denote by P, o the set of all distributions P, that verify Assumption B.1. Theorem
B.1 below shows that the results presented in Xu (2023) and Montiel Olea and Plagborg-
Moller (2021a) also hold for sequences of AR(1) models with i.i.d. shocks. We adapt their
proof and simplify some steps based on our stronger assumptions over the serial dependence
of the shocks. For instance, we assume only bounded 4th moments, while they assume
bounded at least 8th bounded moments. One remarkable difference is that we do not need
to assume a high-level assumption such as Assumption 4.2 since this can be verified using

Assumption B.1; we present the claim of this result in the next proposition.

Proposition B.1. Suppose Assumption B.1 holds. Then, we have

K—oco n—00 Pho€Pro |pn|<1+M/n

lim lim inf inf P, < glpn) 2y k> 1K ) =1,
t=1

1/2
where g(p,k)z( o p”) -

Proof. See Section C.4 in Appendix C. m
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Theorem B.1. Suppose Assumption B.1 holds. Then, for any sequence h, < n such that

hn, = 0(n), we have

sup  sup sup  sup |Jn(z,h, Py, p) —®(x)] =0, as n— oo,
h<hn Pn€Pno |p|<14+M/n z€R

where J, (-, h, Py, p) is as in (7) and ®(z) is the cdf of the standard normal distribution.

Proof. See Section C.5 in Appendix C. m

Proposition B.2. Suppose Assumption B.1 holds. In addition, assume p, =1 — ¢;/n and
hy, is such that h, < n and h,/\/n — ¢ as n — oo where ¢y, ¢y > 0. Then,

liminf P, ([1/L,L] C C},_op(hn, 1 — ) > 1 -«

n—o0

for any L > 1, where C}:

la—ar

(h,1 — «) is defined in Remark 4.5, and presented below
Claar(hy 1 — ) = [(Bn(l) — 8u(D)ep (1,1 = )", (Ba(1) + 8a(D)es(1,1 - )"

Proof. See Section C.6 in Appendix C. m

B.3 Asymptotic Refinements

Consider the sequence {z; : 1 <t < n} defined as
o
2= pz-1tu, and zy= Z plu_y
=0

where {u_, : £ > 0} is an i.i.d. sequence with the same distribution as u;. This appendix
presents asymptotic expansion results for distributions of real value functions based on sam-
ple averages of the sequence {X; = F(z;_1, 2, z445) : 1 <t < mn — h}, where F is a function
that we define below. Our approach in this section relies on the framework and results
presented in Gotze and Hipp (1994) and Bhattacharya and Ghosh (1978).

Let F(- ;0% V,p) : R* — R® be a function defined at (z,y, 2) equal to

((z — ")y — px), (y—px)®> =0, ((z=p"y)(y —px))* =V, (z = p"y)(y — px)?,

(v = po)z, (2= "y, (== p'y)(y = pr), (== p'y)(y — po)’c) . (B.3)
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where 0 = 0*(P) = Ep[u], V = V(p, h, P) = Ep[¢{ui], & = &(p, h) = Ze L P U yp, and
P is the distribution of the shocks that verified Assumption B.2 that we define below. Using
that u; = 2 — pzi_1, & = zepn — P2, and the definition of F in (B.3), we can write the

sequence of random vectors {X; = F(2;_1, 2t, zean; 0%, V,p)) : 1 <t < n — h} as follows

X = (ftut, Ut2 - 02, (ftut)z -V, ftU?, UtthbftZt—laffutthaftugzt—l) . (B-4)

We assume in this section that h € N is fixed and |p| < 1. Moreover, for any fixed positive
constants C1g > 0 and C, > 0, we consider the next assumption that imposes restrictions
on the distribution of the shocks P.

Assumption B.2.
i) {us: 1 <t <n} is independent and identically distributed with E[u.] = 0.
it) uy has a positive continuous density.

i) Elu®] < Cig < oo and E[u?] > C,.

Assumption B.2 implies that the sequence {z; : 1 < ¢t < n} is strictly stationary. By
construction, E[X;] = 0 € R®. Define

Y = lim Cov < UQZ)Q) . (B.5)

The asymptotic covariate matrix ¥ is non-singular due to Lemma 2.1 in Gotze and Hipp
(1994), Assumption B.2, and how we defined the sequence {X; : 1 <t < n — h}. Let
T : R® = R be a polynomial with coefficients depending on p, Ep[u?], and Ep[uf] such that
7(0) = 0. Define

Jo(z,h, P,p) = P, <(” _;)WT <n i ; nixt) < :c) , (B.6)

where 42 is the asymptotic variance of (n — h)2T ((n — h)~' 37-" X;). The next theorem

shows that the distribution J, (-, h, P, p) admits a valid Edgeworth expansion.
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Theorem B.2. Suppose Assumption B.2 holds. Fiz a given h € N and a € (0,1). Then,
for any p € [-1+ a,1 — a], we have

sup
zeR

bbb - (q)(x) + D 0 g b, P, p)¢($)>‘ =0 (),

=1

where J,(x, h, P, p) is as in (B.6), ®(x) and ¢(x) are the cdf and pdf of the standard normal
distribution, and qi(x, h, P, p) and qo(x, h, P, p) are polynomials on x with coefficients that
are continuous function of moments of P (up to order 12) and p. Furthermore, we have
q1(x,h, P,p) = q1(—x, h, P,p) and qz(x, h, P, p) = —q2(—2x, h, P, p).

The proof of Theorem B.2 is presented in Section D.3 in Appendix D. It relies on Gotze
and Hipp (1983, 1994) to guarantee the existence of Edgeworth expansion for sample averages
and in the results of Bhattacharya and Ghosh (1978) to complete the proof.

For the empirical distribution P, defined in (13) and the estimator p,, defined in (12), we

consider the bootstrap sequence {z;, : 1 <t < n} defined as

o0
* oA % * * PN
2yt = PnZpp—1 T Upy s and b0 = E Prlp,—g >
=0
where {u;; : j < n}is anii.d. sequence draw from the distribution P,. Define the sequence
of random vectors { X, = F (2}, 1, %14 Zpsan; 0oy Voo pn) = 1 <t < n— h}, where F(-) is as

in (B.3) and 62,V,,, p, are the defined using P, and p,.

Theorem B.3. Suppose Assumption 5.1 holds. Fix a given h € N and a € (0,1). Then,
for any p € [-1+4+a,1 —a] and € € (0,1/2), there ezist constants Cy and Cy such that

P (sup
zeR

is lower than Cyn™'=¢, where J,(z,h,-,-) is as in (B.6) and Xy, is replacing X;, ®(x)
and ¢(z) are the cdf and pdf of the standard normal distribution, and q(zx,h, Pn,ﬁn) and

qQ(z, h, Isn, Pn) are polynomials on x with coefficients that are continuous function of moments

2
jn(xa h> pnv ﬁn) - (CI)(QT) + Z n_j/QQJ'(xv hv pnv ﬁn)qb(x))

Jj=1

> Cln_3/2> ,

of P, (up to order 12) and p,,. Furthermore, we have q,(x, h, P, pn) = q1(—x, h, pn,ﬁn) and
qZ(xv h’7 pna Ién) - _q2(_$, h7 pnv ﬁn)

The proof of Theorem B.3 is presented in Section D.4 in Appendix D. It relies on Gotze
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and Hipp (1983, 1994), Bhattacharya and Ghosh (1978), and Lemma B.5.
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C Proof of Auxiliary Results: Uniform Inference

C.1 Proof of the Lemma B.1

Proof. Notation: We say a sequence of random variables Z,, is uniformly O, (1) if Ve > 0
there exists M > 0 and ny € N such that P,(|Z,| > M) < € for any p € [—1,1] and n > n,.
Similarly, Z, is uniformly o, (1) if Ve, d > 0 there exists no € N such that P,(|Z,| > §) < €
for any p € [—1,1] and n > ny.

Item 1: Consider the following derivation:

_ n -1 n
g(p,n) 2 > i 3/t21> (Zt1 ut?Jt—l)

n 9(p, )17

g(pim) 02 (5 — p) = (

where the first term is uniformly O, (1) due to Assumption 4.2. The second term is also

uniformly O, (1) due to the following derivation:

n 2 n 4 1/2
. 1 E
E (—Zt=1 Lo 1) ] - > Blufy? ) < Bluf]'? max ( [yt—l]) < /™ol
’ t=1

9(p,n)n'/? 1<in \ g(p, n)*

where the first inequality follows by Cauchy’s and algebra manipulation and the second
inequality follows by Assumption 4.1 and part(i) of Lemma MOMT-Y in Xu (2023). The
constant Cyy depends on the distribution of the sequence {u; : ¢ > 1} but does not depend
on p. Therefore, we conclude g(p,n) n'/? (p, — p) is uniformly O, (1) for any p € [-1,1],

which conclude the proof of the lemma.

Item 2: Recall that @, = 4, — n~! Z?:l Uy, where 4y = 1 — ppyi—1 and p, is defined in

(12). By Bonferroni’s inequality, it is sufficient to prove that there exists Ny = Ny(n) such

that
n
P, ( 13 i o
=1

P, <n—1iat> >o%/4 | <n/2 (C.2)

for any n > Ny and any p € [—1,1]. Lemma SIG in Xu (2023) adapted for the case of the

> 02/4> <n/2 (C.1)

and
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AR(1) model implies (C.1). To prove (C.2), we derive the following inequality
n 2
(n_lzﬂt> = ( Zut+ P = Pn)n Zyt 1)
=1
~ Y
Zut +29 pn)(pn—p)* (07— |,

“— g(p:n)
where we used Loeve’s inequality (see Theorem 9.28 in Davidson (1994)) in the inequal-

ity above. Note that the first term is uniformly o, (1) due to the law of large numbers

for a-mixing sequences (see Corollary 3.48 in White (2000)) and Assumption 4.1. Since
y271
9(;:71)2

g(p,n)*(pn—p)? is uniformly o, (1) due to Part 1, it is sufficient to prove that n=!' 3" |
is uniformly O, (1). The last claim follows by the next inequality

- yt21 - y?l 12 1/2
oty s <an S (2 ) <ar,

E
“—~ g(p,n) — 9(p,n)

where the last inequality follows by part(i) of Lemma MOMT-Y in Xu (2023). The constant
Cy4 depends on the distribution of the sequence {u; : ¢ > 1} but does not depend on p.

2
Therefore, n=* > 7" | gz/;—*nl)Q is uniformly O, (1), which concludes the proof of the lemma.

Item 3: Recall that @, = 4 — n ™" 2?21 Uy, where Uy = vy, — ppyi—1 and p, is defined in
(12). By Loeve’s inequality (see Theorem 9.28 in Davidson (1994)), we obtain
n n n 4
(ﬂt — nil Z ﬂt)4 = ((at — Ut) + nil Z lALt + Ui>4 S 33 (?lt — Ut)4 + (nl Z ﬂt> + U?
t=1 t=1

t=1

Therefore, it is sufficient to prove that there exists Ny = Ny(n) and K, such that

P <n—1 zn:(at —u)t > K, /81| <n/3, (C.3)

t=1

n 4
P (n_lzﬁt> > K,/81 | <n/3, (C.4)
t=1

P (n_l Zuf > Ky/81 | <n/3. (C.5)
t=1
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To prove (C.3), we use Uy — u; = (p — pn)ys—1, the following equality

4
_ ~ ~ _ Y
ntY (i —u)t = (o —p)* glpn) Tty

4 )
— — g(p,n)

Markov inequality, and part (i) of Lemma MOMT-Y in Xu (2023). To verify (C.4), we use
(C.2) from the proof of Part 2. Finally, Markov’s inequality and Assumption 4.1 implies
(C5H). m

C.2 Proof of the Lemma B.2

Proof. We first prove that there exists M = M (M) > 0 and Ny = No(M) > 0 such that

M M
—_— <14 — C.6
T gl = T o
for all n > Ny. Note that (C.6) is sufficient to conclude that p, < 1+ M /n since p, <

p+Mn='2/g(p,m).

Let us prove (C.6) by contradiction. That is: suppose that there exist sequences py,
My — oo, and ny — oo such that pj + M/(n,lc/Qg(pk,nk)) > 1+ Mk/nk, for all k. The

previous expression is equivalent to

9Pk 1) (C.7)

1/2
Ty,

M > ny%g(pr,ni) (1 — pi) + My,

Define aj, = ng(1 — |pn,|). Consider the derivation to get a lower bound for g(pi, nx):

9w ) =14 (1= ar/mp)® + .. 4+ (1 — ap/ng)*™ Y
_ {1 = (1 —ap/ne)™ H1+ (1 —ap/ni)"™}
ak /{2 — ax/ni}t
n, 1—e %

Z_X )
Qg 2

where the last inequality use that (1 —ay/ng)™ = exp(ng log(1—ax/ni)) < exp(—ay). With-

out loss of generality, suppose that ax — a € [0, +00]; otherwise, we can use a subsequence.
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We now consider two cases. For the first case, suppose a; — +00. This implies that

1/2 1—ear\'"? 1/2
gy i) (1 — pi) > (T) a/? = o0,

which contradicts (C.7). For the second case, suppose ay — a. This implies that

Y (Pr k) =
— n

\/n_kg Pk, NE) =
which contradicts (C.7). Therefore, there exists Ny = No(M) and M = M(M) such that
(C.6) holds for n > Ny. We can adapt the proof to conclude that p, > —1 — M /n for all
n> Ny m

1 —e%

1/2 _
) M, — oo ,
2a1€

C.3 Proof of the Lemma B.3

Proof. We prove only item 1 since the proof of item 2 is analogous. The proof of item 1 has
three steps. First, we can write B, (|R; (k)] < 2 | Y™) — (2®(2) — 1) = I 4 I, + I3, where
I = Ju(x, b, Py, p) — ®(x), I = ®(—2) — J, (=, h, P,, p), and

Iy = Pp(R:y(h) = —2 | Y) < Py(R: (k) € (—7 — /2, —x +¢/2] | Y ™) .

Second, conditional on the event E,, defined in the proof of Theorem 4.1, the inequality (A.1)
in the proof of Theorem 4.1 implies that |I;| < €/2 and |I5| < €/2 for any n > Ny = Na(e,n)
and any h < h,, such that h, < n and h, = o(n). Also, the inequality (A.1) and algebra

manipulation implies |I3| < 2e. Therefore, we conclude

sup sup !Pp (IR ,(h)| < | Y(")) — (2®(z) — 1)| < 3¢, (C.8)
h<h, z€R

for any n > N, and any h,, < n such that h, = o(n). Third, taking = 21_q/2-3¢/2 in (C.8),
it follows that | P, (IR (R < z1-aj2-3¢2 | Y™) = (1 —a — 3€)| < 3¢, which implies

P, (IR 5 (W) < 21maja 32 | V) <1

By definition of ¢! (h,1 — «) as in (15), it follows that ¢} (h,1 — «)

conditional on the event FE,. We similarly obtain that ¢ (h,1 — «)

Z1—a/2—3¢/2 holds

IN IV

Zl1—a/243€¢/2 holds

conditional on F,,. m
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C.4 Proof of Proposition B.1

Proof of Proposition B.1. We use the general subsequence approach of Andrews et al. (2020)
to show that the uniform result in the proposition holds. We prove that for any sequence
{pn : m > 1} such that |p,| < 1+ M/n and any sequence {02 : n > 1} C [g, 7], there exists
subsequences {py, : k> 1} and {07 :k > 1} such that

K—o0o k—oo

lim lim P( 9(pny,,mi) 2 Zyn“ L > 1/K> (C.9)

We consider two cases to prove (C.9). The first case is ng(1 — |pn,|) — oo for some
subsequence {ny : k > 1}, which considers the subsequence of p,, that stay on the stationary
region or go to the boundary at slower rates. The second case is ng(l — |pn,|) — ¢ €
[—M, +00) for some subsequence {ny : k > 1}, which considers the subsequence of p, that
goes to the boundary (local-unit-model) or are on it (unit-root model). For both cases,
we assume 0, — 0§ since any sequence {0, : n > 1} C [g, 7] has always a convergent
subsequence. To avoid complicated sub-index notation, we present the algebra derivation

using the original sequence.

Case 1: Suppose n(1 — |p,|) — oo and 02 — 02 as n — oo. This condition implies that
there exists Ny such that |p,| < 1 for all n > N, otherwise there is a subsequence |p,, |

in (1,1 + M/nk] but this cannot occur since ng(1 — |pn,|) € [-M,0]. As a result, we have
(pn7 ) Z@ 0 /)% < (1 pi)_l that 1mphes

L= 0h) N
P(g(pn, Zynt 121/K> (U—)Zyi,t—l 21/K> :

=1
Therefore, to verify (C.9) is sufficient to prove that
: : (1-p2) N~ o

> =
Jm lim P ( w2 2 VK
which follows if we prove

n

1—p?) o
d=r) Sy Bod (C.10)
t=1

We prove (C.10) in two steps.
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Step 1: Using Assumption B.1 and y,,;—1 = Zz 1p§l 1=%4,,.¢, we derive the following:

(1 _p2) n p n n—l1
D e | = ”Z Elul ) p 70 {1 <0 <i-1}
n t=1 t=1 (=1
n—1
(n—1) B %% pi(n )
=1
We conclude the right-hand side of the previous display converges to o7 since 02 — o2,

_ n 2(n—¢ _
S o < (1 = |pal) (1 |pal)} Y, and n(1 — |pa]) — oo

Step 2: We use E[y2 , 1] = g(pn,t — 1)*0;, to derive the following decomposition

n n—1 n—1

2 2 _ 2 2
E :yn,t—l - E[yn,t—l] - (un,é - Un) bn,f +2 E Un,e dn,ﬁ )
=1 (=1 /=1

2(i—1—L -1 . )
where b, = Z?:H@ pn(l ) and Ane = bng =y Un o2, Note d, ¢ is measurable with

respect to the o-algebra defined by {u,;:1 <k <{¢—1}.

The decomposition above, Loeve’s inequality (see Theorem 9.28 in Davidson (1994)), and

Assumption B.1 imply that the variance of (1 — pZ)n=' >\, y2, | is lower than

n—1
2(1 —
,On <ZE [ 721)2} bro+4) Elun ] B [dizo :
=1
Since b7 , < (1—p3) % and E[d}, ;] = b, ;07 Zeg P pilt=t) <o2(l—p2)Bforalld=1,...,n—

1, and E[( uz ,—0or)?] < Eluy, | < Ky by Assumption B.1, the previous display is lower than

2n—DK; | 8(n— 1o
n2 2( p2

4
) ?

which goes to 0 since o, = E[u’, > < E[u,, )| < Ky and n(1—p;) = n(1—|pn|)(14|pa]) = o0
as n — 0o. This proves that the variance of the left-hand side on (C.10) goes to zero, which
prove (C.10) due to step 1.

Case 2: Suppose n(1l — |p,|) = ¢ € [-M,+00) and 02 — 02 as n — co. We first observe
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that g(pn,n)? < nexp(2M) due to |p,| <1+ M/n and the following derivation:
g(pn,m Zp% < n(l+M/n)* =nexp (2nlog (1 + M/n)) < nexp (2M) ,

where we used that log(1 4 z) < z for all z > —1. By the previous observation

P(Q(Pm Zynt 12 1/K> (eXp Zynt 12 1/K> ’

where exp(—2M ) is constant that does not change as n — oo and K — oo. Therefore, it is
sufficient to prove that limg e limyoe P( 2> 0 2,y =1/K ) =1 to verify (C.9),

which follows if we prove

1 < !
= Zy?%t_l KN 03/0 J_o(r)?dr (C.11)
=1

where J_.(r) = [ e~ ""9°dW (s) and W(s) is a standard Brownian motion.

To prove (C.11), we rely on the results and techniques presented in Phillips (1987).
Specifically, we adapt his Lemma 1 part (c) for the sequence of models and the drifting
parameter that we consider in this paper. We proceed in two steps. First, we construct
a triangular array {g,; : 1 <t < n,n > 1} that verify (C.11). Then, we prove that the

constructed sequence verifies that n™2>"7  y2, | —n"?3 0 g2, = o0p(1).

Step 1: Define @y = untI{pn > 0} + (=1)'unI{p, < 0} for all ¢ = 1,...,n. Note that
the sequence {@,;: 1 <t < n} defines a martingale difference array with the same variance
Elu2,] = o2 and satisfies that E[u2,] € [¢,7], and Elu,,] < K,. Using this notation, we

construct the following triangular array:

—c/n

Ynt = € Yn,t—1 + Unt 5 Yno = 0 )

where ¢ = lim,,_,o, (1 — |p,|). Denote the sequence of partial sums by S, ; = Zgzl Up for

any j =1,...,n and S, o = 0. Let us define the following random process
1 1 11
Xn(r) = NG —Sn ] = %UOSM it (-1 /n<r<j/n,

and X, (1) = \/LﬁiSnn By a functional central limit theorem for martingale difference
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arrays (see Theorem 27.14 in Davidson (1994)), we claim that {X,,(r) : € [0, 1]} converges

to the standard Brownian motion process {W(r) : r € [0,1]}. To use this result, we prove

n  ~9 [nr]
(T Ela
(a) E e 51, (b) mex \/_Un 50, (o) hm E n02 =

t=1 t=1

We can verify condition (a) using @2, = u2 ,, Chebyshev’s inequality and Assumption B.1:

no ~2

€2n

n=?2 - 4 K,
> € <—ZE[U |]<— =0 asn— o0,
for any € > 0. To verify condition (b) holds is sufficient to show that
Unp,t

~2
B2t
o s || >}

for any ¢ > 0, where I{-} is the indicator function. If the previous display holds, then

-0,

condition (b) follows by theorem 23.16 in Davidson (1994). To verify the previous condition,

note that
E ~’r27,t I Up,t <nE ait I Un,t
" no? Vno, e =T 2042 Vno, - ¢

were the last inequality uses 4, , = u;,, and Assumption B.1. Finally, condition (c) holds

since B[’ | = 0.

~4
E[un,t] < K4
notc2 T ng?c?’

<

Using the functional central limit theorem, the continuous mapping theorem, and o,, —
09, we can repeat the arguments presented in the proof of Lemma 1 in Phillips (1987) to
conclude that n™23 71" | 72, 2 o2 fo J_o(r)?dr .

Step 2: Define a,, = |pn|e®/™. We know Ynit = 22:1 pitu, s and g,y = Zz L€ —c(i=6)/n Tt
therefore, ¥y = Ynst — Ruy if pn > 0, and 9,y = (—1)'yns — Royt if pp < 0, where R,,; =
Sy (al* = 1) e=e=9/nq, , . Therefore, we conclude that y2 , = 2, 4 24, Rn + R2,. This
implies that

%z;yrgz,t—l Zynt 1 Zynt 1Rt + 12 E;Ri,t
t= t=

By Cauchy—-Schwartz’s inequality, the right-hand side of the previous expression is lower or
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equal than

. (C.12)

1/2 Lo 1/2 Lo
( Zynt 1> (ﬁZRit) + EZREM
i=1 i=1

By the result at the end of Step 1, we have n™> 3" | 72, | is Op (1). Therefore, it is sufficient
to show n=23"" | R2, 5 0 to conclude that (C.12) converges to zero in probability.

To verify the claim, we first observe that ale=(=0¢/" = |p, [Je=(—t=0)e/n < |p, |7 for all

7=0,...,1—{¢—1, which implies that

t

a, —1)(1+a, +..+a e - e)c/”ﬂ
Z( n )( n n £
=1

|Rn,t| =

t
< Jan = 1 DU+ fpul + e ol ™l
(=1

Using the previous inequality and |p,|’ < (1 + M/n)? < (1 + M/n)" < M, we obtain

|R,..| < eM| —1|Zt—€|ung\<eM|n —1|Z\W’

for all t = 1,...,n, where we used that |, ¢| = |u,,| in the last inequality. Then, we derive

2
n n

n2 Z Rfm < eMin(a, — 1)[? (n_l Z |U,ng|> )
t=1

(=1

By Markovs’s inequality and Assumption B.1, we obtain that n='>") | Ju,,| is O, (1).
Analyzing a, — 1 = €/" (|p,| — e~/"), we can conclude that n(a, — 1) = o(1), which
implies that the right-hand side of the previous display converges to zero in probability.
As a result, we conclude that (C.12) converges to zero in probability, which implies that

nEy  Ya o —n 2yt Jh, 1 = 0, (1), and by the result at the end of Step 1, we con-
clude (C.11). m
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C.5 Proof of Theorem B.1

Additional Notation: Define &, (pn, ) = Ynish, — B(Pns hn)yns and recall B(p, h) = p".

Algebra shows
hn,

§n,t(pn7 hn) - Z pzn_éun,t-',% . (013)

(=1

Proof. The derivations presented on pages 1811 and 1812 in Montiel Olea and Plagborg-
Moller (2021a) implies

S0 et (Ps )it o ()
b 2 . 1/2
(S0 G () (1)?)

Rn(hn) =

which is equal to

n—hn n— N 1/2

thlh én,t(pn7 hn)un,t t:1h fn,t (pn; hn)(un,t(hn) - un,t) > (n - hn)v(pna hn)
(n = ha)2V (pp, hn) V2 (n = ha)2V (pp, hp) V2 S (B )2 ()2 ’

where V(p, h) = E[&,4(h)?ug,]. We then follow their approach and prove that under As-

sumption B.1: for any sequences {p, : n > 1} C [-1—M/n,14+M/n], {02 :n > 1} C [o, 7],

and {h,, : n > 1} satisfying h,, = o(n) and h,, < n, we have

(2) ?;lhn gn,t (Pn, hn)un,t
(n - hn)l/Zv(pna hn)1/2
.. Z?;lhn gn,t (pn; hn)('&/n,t<hn) - un,t) P,
(12) (0 — h) 2V (pr, h) /2 =0,
Z?__lhn ént(hn)2ant(hn)2 P
=15 : 1

(Z“) (n - hn>v<pn7 hn) ”

4 N(0,1) ,

Finally, Lemmas C.4, C.5, and C.7 imply (i), (ii), and (iii), respectively. m

Lemma C.1. Suppose Assumption B.1 holds. Then, for any (pn,on, hyn) such that |p,| <
1+ M/n, o2 € [0, 7], and h, < n, we have

E [gn,t(pm hn)ﬂ S 4g(pm hn)4K4 )

b1 g\ /2 o
where g(p, k) = (Zz:o p ) and &, ¢(pn, hn) s in (C.13).
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Proof. 1t follows from the proof of Lemma A.7 in Montiel Olea and Plagborg-Mgller (2021a).

Lemma C.2. Suppose Assumption B.1 holds. Then, for any (pn,on, hyn) such that |p,| <
1+ M/n, o2 € [0, 7], and h, < n, we have

2
E Zn i Sn,t (Pn, hn)yn,t—l < n % hn % 4K4
(n - hn)g<pn7 n— hn)g(pm hn>0 T n— hn n — hn a '

1/2
where g(p, k) = (Zz 0 P ) and &, ¢(pn, hn) is in (C.13).

Proof. The definition of &, +(pn, hy,) in (C.13) implies Zf_lh" §nit(Pry P )Yni—1 = Z? L Un jbn s
where b, ; = S/ —ih, pbrhn=i y., 1 1{1 <t < n — h}. Note that b, ; is measurable with re-
spect to the o-algebra defined by {u,; : 1 < k < j —2}. Using Assumption B.1, we

obtain
n

(Zn:un,jbm» ZEumbi] - ZE[bQ ].
j=1

j=1

2
Therefore, the derivation above implies £ {(Z?_lh" Ent(Pns hn)yn,tq) } =oa )l Eb
We claim that

E[bi,g] S hng(pm hn>29(pna n— hn)2 V 4l(4 ) (014)
for any 7 = 1,...,n. The previous claim and Assumption B.1 imply

n—nh 2

e P )Y t—1 nh nh

E =1 Ent(Pns Fon )0, <" 4K, < —— " x\/4K, .
<(n = ") g(pn, = I ) g(pn; hn)av% ~(n— hn)QU% - YT (n—h g - !

To verify (C.14), we consider three cases. The first case is j < h,,, in which we derive
that
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where we use Loeve’s inequality (see Theorem 9.28 in Davidson (1994)) in the first inequality

1/27 yn,t—l = 5n,0<)0n7t - 1)7
Lemma C.1, and g(p,,t —1)* < g(pn,n—h,)? forallt = 1,...,n—h,. Note that we also use

above. In the second inequality, we use Efy, ] < Ely,, ]

7 < h,,, which also implies the last inequality above. The second case is h,,+1 < 7 < n—h,+1.

We follow the same approach as before and conclude E[b?] < hng(pn, hn)*9(on, n—hn)*VAKy.
In the final case, we have j > n — h, +2. As before, we obtain E[b3] < hng(pn, hn)*9(pn, n —

hn)2\/ 4K4 |

Lemma C.3. Suppose Assumption B.1 holds. Then, for any (pn,on, hyn) such that |p,| <
1+ M/n, o2 € [o, 7], and h, < n, we have

n—hq, 2
E t=1 Un tYn,t—1 <K
((n — h)Y2g(pn,n — hay) -
1/2
where g(p, k) = ( il p”) .

Proof. 1t follows from the proof of Lemma E.8 in Montiel Olea and Plagborg-Mgller (2021a).

Lemma C.4. Suppose Assumptions B.1 hold. Then, for any sequences {p, : n > 1} such
that |pn| < 1+ M/n, {62 :n > 1} C [0, 7], and {h, : n > 1} satisfying h, = o(n) and
h, <n, we have
Z;:lhn Ent (Pn, hn)“n,t
(n = ha)2g(pn, hn)o?

where & 1(pn, hn) is in (C.13) and g(p, h)? = S, p*.

4 N(0,1) , (C.15)

Proof. We adapt the proof of Lemma A1l in Montiel Olea and Plagborg-Mgller (2021a). We
start by writing the term on the left-hand side term in (C.15) as follows

n—hn

E Xn,t 9
t=1

where
- gn,nfthrlft (pna hn)un,nfthrlft

Xt T o = h) Py (pa, h)o?

fort =1,...,n — h,. Define the o-algebra F,,; = 0 (up_p,+j—t : j > 1). Note that for any

t=1,...,n—hy, Xn. is measurable with respect to F,, ;. Therefore, the sequence {x,;: 1 <
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t <mn—h,} is adapted to the filtration {F,,; : 1 <t <n—h,}. Moreover, &, n—n,+1-t(pn, )
is measurable with respect to JF, ;1 since it is a function of {w,n—p,+j—@-1): 1 < j < by}
This implies that E[x,.¢|Fn:—1] = 0 since

gn,nfhn 17t(/)n, hn)
E[Xn,t‘./t-n,tfl] = (n — hn>1+/2g(pm hn)0_2E[Un,nfthrlft‘JT_-n,tfl]

and by Assumptions B.1 we conclude E[up,n—p,+1-t|Fni-1] = Eltnn—n,+1-t] = 0.

The derivation presented above proves that the sequence {x,: : 1 <t <n —h,} is a
martingale difference array with respect to the filtration {F,;: 1 <t <n — h,}. The result
in (C.15) then follows by a martingale central limit theorem (Theorem 24.3 in Davidson
(1994)), which requires

n—hn n—hp

. o .. 2 p p
(Z) — E Xnt =1 ) (“) — Xn,t — 1 ) (Z“) IS?%%}—{M |X7’L,t| — 0.

The condition (i) follows by using that E[&,¢(pn, hn)*ul,] = g(pn, hn)?c,. To prove the

n

condition (#7) is sufficient to show

n—hn
ar (Z X,th) —0. (C.16)
t=1
To prove (C.16), we first recall that

n—hn 1 n—hnp

ant n_ n)g< Zgntpna nt?

where the second term of the right-hand side of the previous display can be decomposed into

the sum of its expected value and another three zero mean terms:
(n_h)g pn> +Z n]+zun,]d 7J+Z pn:hn)z 721,

where b, ; = 337_! Zih, P 2Ahn+17) us JJ{1 <t <n-—h,}and
- j—t—1

Z Z Un 140505, peh=iti=tz2 ai {1 <t <n—h,}.

t=j—hn fl2=1
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Note that b, ; and d,, ; are measurable with respect to the o—algebra o (u,; : 1 <k < j—1}.
By Assumptions B.1 and Loeve’s inequality (Theorem 9.28 in Davidson (1994)), we conclude

j—1
<hy Y Blph" 0w ] < hag(pn, ha) Koy

t=j—hn
and

j—i—1

2
Eld; ;] < hoE <Z Unire P T ,t> < hng(pns hn) o Koy

=1
forall j=1,...,n

We use the decomposition presented above, Assumptions B.1, and Loeve’s inequality (see
Theorem 9.28 in Davidson (1994)) imply that the left-hand side of (C.16) is lower or equal
than

335 El(up; — 00)by ;1 + 3370 Elur ;d5 ;] + 3g(pn, hn) oy 305 El(uz ; — 07)°]
(n = hn)2g(pn, hn) o, '

By Assumptions B.1 and the upper bounds that we found for E[b?, ;] and E[d;, ;], the previous

expression is lower or equal than

3nh, K3 n 3nh, K, n 3nKy
(n - hn>2g4 (n - hn)2g2 (TL - hn>2g2 .

The previous expression is o (1) since h,, = o (n) as n — oo. This implies that (C.16) holds.

Finally, to verify that condition (iii) holds is sufficient to show
(n = ha) E [ o {IXnsl > c}] =0, (C.17)

for any ¢ > 0, where I{-} is the indicator function. If the condition in (C.20) holds, then
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condition (iii) follows by Theorem 23.16 in Davidson (1994). To verify (C.17), note that

4
Xn,
(=B [ > ) < (0= kB |50 > o)
E [Xfl t}
< (Tl - h‘n) 2

E [&nnnnt1-t(pns hn) ') B [y 1]
(n = hn)oRg(pn, hn)'c?
4Ky E [ui,nfthrlft}

(n — hp)odc?

where the equality above uses Assumptions B.1, and the last inequality follows by Lemma
C.1. By Assumptions B.1 we obtain (n — h,)E [x2 J{|x2,| > c}] < 4KF/((n — hy)a*c?),
which is sufficient to conclude (C.17). m

Lemma C.5. Suppose Assumptions B.1 holds. Then, for any sequences {p, : n > 1} such
that |pn| < 14 M/n, {62 :n > 1} C |0, 7], and {h, : n > 1} satisfying h, = o(n) and

h, <n, we have

S (P ) (tit (B) = )
— ’ : 1
(n - hn)l/Zg(pna hn)ay% - 0 ’ (C 8)

where U (hy) = Ynt — Prn(hn)Yni—1, pn(hy) is defined in (B.2), and g(p, h)* = 22:1 .

Proof. A proof can be adapted from the proof of Lemma A.4 and Lemma E.8 in Montiel Olea
and Plagborg-Mgller (2021a). Importantly, their Assumption 3 (relevant for the proof) holds
due to Proposition B.1 in Appendix B. m

Lemma C.6. Suppose Assumptions B.1 holds. Then, for any sequences {p, : n > 1} such
that |pn| < 14 M/n, {62 :n > 1} C |0, 7], and {h, : n > 1} satisfying h, = o(n) and

h, <n, we have

. Bn(hn) — B(pn; hn) p
Q 9(pns hn) -0

.. g(pnv n— hn) (ﬁ(pna hn) - 77<Pm hn)) P
) o) =0,

(1) (n— hn>1/2 X G(pn> = hn) X (Dn(hn) = pn) = Op(1)

where f)(pn, hn) = pan(hn) + Y (hn)s 1(pns hn) = puB(pns hn) = PZ"“, Bn(hn) and Yy, (hy)
are defined in (B.1), pn(hy) is in (B.2), and g(p, h)?* = Z?Zl p*h.
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Proof. A proof can be adapted from the proof of Lemma A.3 in Montiel Olea and Plaghorg-
Mpller (2021a). Importantly, their Assumption 3 (relevant for the proof) holds due to Propo-
sition B.1 in Appendix B. m

Lemma C.7. Suppose Assumptions B.1 holds. Then, for any sequences {p, : n > 1} such
that |pn| < 14 M/n, {62 :n > 1} C |o, 7], and {h, : n > 1} satisfying h, = o(n) and

h, <n, we have

S i (Bt ()2 o
(nl—h Y9(om, )20t b

where én,t(hn) = Ynt+h, — Bn(hn)yn,t - ’A)/n(hn)yn,tfly ﬁn,t<hn) = Ynt — ﬁn(hn)yn,tfl; Bn(hn>
and 4, (hy) are defined in (B.1), pn(h,) is defined in (B.2), and g(p,h)* = S, p**.

Proof. We adapt the proof of Lemma A.2 in Montiel Olea and Plagborg-Mgller (2021a)
presented in their Supplemental Appendix E.2. They claim that is sufficient to prove

Sy it () it e () B > Ena(pas i)t 20 (C.19)
(n —h )g(pm h ) o, (n - hn)ﬂ(pm hn)ZU?L 7 '

since they then can conclude using their Lemma A6, which implies

Z?:_lhn nit (Pn; hn)Qui,t 2q
(n - hn)Q(pm hn)QUﬁ .

We avoid using their Lemma A6 since its proof requires that the shocks have a finite 8th
moment. Instead, we observe that (C.16) presented in the proof of Lemma C.4 implies the

previous claim.

To verify (C.19), Montiel Olea and Plagborg-Mgller prove that is sufficient to show that

0 ()2 () — G )2, ]
(1 = hn)g(pn, hn )03

(C.20)

converges in probability to zero. To prove that, they derive the following upper bound for
(C.20):
B[(F1)'/? x (Ro)"?] + 3[(R5)"/? x (Ra)"] + 3[(F1)"/? x (R)"/?]

where
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~ 4

A ?z_lhn &t (Pns o) — & (i) P ?;f” ui,t
T (= ha)g(pn. ha)'of ’ T = h,
R _ ?;1hn [ﬂn,t(hn) - un,t]4 R _ Z?;lhn gn,t(pna hn)4
3 n— hy ’ YT = h)g(ps he)'o®

In what follows, we use Assumptions B.1 to prove that (i) R, and Rs are o, (1) and
(ii) Ry and R, are O, (1), which are sufficient to conclude that (C.20) converges to zero in

probability.
To verify Ry is o, (1), let us first observe that

A~

fn,t(ﬂn; hn) - gn,t(hn) = [ﬁn(hn) - 6(:07“ hn)]un,t + [ﬁn(pn; hn) - T/(pny hn)]yn,t—l 9

where (o, hn) = pnBn(hn) + Yu(hn) and 0(pp, hy) = puB(pn, hn). Then, using Loeve’s
inequality (see Theorem 9.28 in Davidson (1994)), we obtain

o o (Balh) = Blpw ha)] | [ Sict i
ngg( 90 ) ) <<n—hn>ai>

+ 8 (Q(Pm n— hn)[ﬁn(pna hn) - U(Pm hn)] ) ! ?:_lhn yi,tfl .
9(pn, hn) (n = hn)g(pn,n — hy)to

Note that the first term on the right-hand side in the previous expression goes to zero in
probability due to part (i) in Lemma C.6, Markov’s inequality, and Assumptions B.1. The
second term on the right-hand side in the previous expression goes to zero in probability due

to part (ii) in Lemma C.6, Markov’s inequality, and using that

E[yi,t—l] = E[éﬂ,()(pm t— 1>4] < g(ﬂm n— hn)44K4 ) (0'21)
where the inequality holds due to Lemma C.1 and g(p,,t — 1)* < g(p,,n — h,)* for all
i < n — hy,. This completes the proof of R is o, (1).

To prove that R is o, (1), note that we can write:

n—hn 4

R = (glpu ha)lpulhe) = )

since Uy i(hn) — Unt = (Pn(hn) — p)yi—1 . Note that the right-hand side in the previous

expression goes to zero in probability due to part (iii) in Lemma C.6, Markov’s inequality,
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and using (C.21). This completes the proof of Ry is 0p (1). Finally, Markov’s inequality
and Assumptions B.1 implies that Ry is O, (1). While Markov’s inequality and Lemma C.1
implies Ry is O, (1). m

C.6 Proof of Proposition B.2

Proof. For any € > 0, define the event E,. = {|R.(1)| < ¢i(1,1 — a) — ¢(e)}, where

Y(€) = 21-a/2-3¢/2 — Z1—aj2—2c and 2, is the a-quantile of the standard normal distribution.

We will prove that for any (small) € > 0 the following claims hold,

lim P, ((1/L, L] C Cj,_p(hp, 1 — ) | Ene) =1, (C.22)
n—oo
liminfP,(E,.) > 1—a—4e. (C.23)
n—oo

These two claims are sufficient to conclude that

liminf P, ([1/L, L] C Cp,_gp(hns 1 —a)) > 11— —4e .

n—oo
Since this holds for any (small) € >), it implies the claim of the proposition.

Claim 1: (C.22) holds. To verify this, we first rewrite the lower and upper bounds of
Cr . (h,1 — ) using the definition of R, (1) as in (6):

la—ar

(Bu1) = 5(D)es(1,1 a)>h” — (1—c1/n—Gu)™ (C.24)
(BuD) + (D01 )" = (1= erfn+ Gua) (C.25)

where G,1 = §,(){—R,(1) + ¢, (1,1 —a)} and (0 = 5, (1){R,(1) + (1,1 —a)} .

Note that we have ¢,1 > §,(1)¢(€) and (,2 > 8,(1)¥(€) conditional E, .. Additionally,
we can obtain that
50(1) = & n A1+ 0,(1)) (C.26)

which follows by the formula in (4), Lemma C.7 and part 2 of Lemma B.1(adapted for the

1/2

i.i.d. case that we consider in this proposition), and because h, /n'/? — ¢ as n — oc.

Since h,/\/n — ¢ > 0 as n — oo, it holds that lim, ,o (1 — Cn~Y4)"» — 0 for any

positive constant C'. This implies that conditional on F,, ., we have that the lower bound of
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C_ur(hy 1 — ) goes to zero. To see this, consider the following derivations using (C.24),

(1= erfn—Gu)™ < (1= 01 + 0, 1))

where (1) holds by definition of ¢, ; conditional on E,, (C.26), and because 1 (¢) is positive
by definition. Since 1+ 0,(1) is larger than 1 — ¢ for any small § > 0 with a high probability
for any n sufficiently larger, we can conclude that the right-hand side of the previous display

goes to zero with a high probability conditional on FE,,.

The previous derivation concludes that the lower bound of C};,__ (h,1 — «) goes to zero

la—ar
conditional on FE,, which implies that the lower bound is asymptotically lower than 1/L
conditional on E,. Now we will show now that the upper bound of C},_,.(h,1 — «a) is
asymptotically larger than L conditional on E,,. To see this, consider the following derivation
using (C.25),

(1= erfnt o)™ = (1= eo/n+ 01+ 0,(10)0(e)

21+ (—er/nt AP V(L + 0y(1))(e))
=1+ 0(n™?) 4 & *n (1 + 0p(1)) (ha/v/n)

where (1) holds by definition of ¢, 2 conditional on E,,, (C.26), and because 1(¢) is positive
by definition, and (2) holds by Bernoulli’s inequality. Since 14 o0,(1) is larger than 1 — 4 for
any small 6 > 0 with a high probability for any n sufficiently larger, we can conclude that the
right-hand side of the previous display goes to infinity with a high probability conditional
on E,. In particular, the upper bound of C},_,.(h,1 — «) is asymptotically larger than L

conditional on FE,. This completes the proof of claim 1.

Claim 2: (C.23) holds. We first note that the following inclusion
{1B2 (V)] < z1-ay2-2c) S {IRn(D)] < 6 (L1 =) = 9(e)} = Ene

holds with a high probability due to part 1 of Lemma B.3 (adapted for the i.i.d. case that
we consider in this proposition). We then observe that the probability of the left-hand side
of the previous expression goes to 1 — a — 4¢ due to Theorem B.1. This completes the proof

of claim 2. m
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D Proof of Auxiliary Results: Asymptotic Refinements

D.1 Proof of the Lemma B.4
Proof. By Lemma D.1, there exists a random variable R, (h) such that
Py (| Bath) = Bu(B)| > n77) < O (BlJul*] + B[] + Eluf*]) |

where
R.(h) = (n— 1/27( ZXuU Ui, )

and the sequence {X; : 1 <t < n — h} is defined in (B.4). Due to Lemma D.1, we know T
is a polynomial. Define J,(z, h, P, p) = P, (Rn(h) < x) Using Bonferroni’s inequality, we

conclude
P, (Ru(h) < z) — P, <Rn(h) < x) |< D, +P, (]an) - fznm)‘ > n_1_€> .

Therefore, sup,cg |Jn(2, b, P, p) —Jo(z,h, P,p)| < D,+Cn~'—¢ (E[|ut|k] + Efu?*] + E[ufk]) ,
which completes the proof of the Lemma. Note that the constant C is defined in Lemma

D.1 and only depends on a, h, k, and C,. m

Lemma D.1. Suppose Assumption 5.1 holds. For any fized h € N and a € (0,1). Then,
forany p € [-14+a,1—a] and € € (0,1/2), there ezist a constant C = C(a, h,k) > 0, where
k> 8(1+¢€)/(1—2¢), and a real-valued function T (- ;0% 441, p) : R® — R, such that

1. T(0;0% ¢4, p) =0,

2. T (x;0%,43, p) is a polynomial of degree 3 in x € R® with coefficients depending con-
tinuously differentiable on o2, 1§, and p,

3. P, (’Rn(h) — Rn(h)‘ > n_1—6> < COn~l-e (E'[|ut|k] + E[u?*) + E[u;lk:]) 7

where 0 = Eplu?], ¥j = Epuf],

R, (h) = (n— 1/27'( ZXuU Wi, >

and the sequence {X; : 1 <t < n — h} is defined in (B.4). Furthermore, the asymptotic

variance of R,(h) equals one.
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Proof. The proof has two main parts. We first use Lemmas D.2 and D.3 to approximate
R,.(h) using functions based on &, u;, and y,_1. We then replace y;_; by z,_1. We specifically
define the polynomial 7.

Part 1: The derivations presented on page 1811 in Montiel Olea and Plaghorg-Mgller
(2021a) implies
> &min(h)

(i &nyu(n)?)

where &(p, h) = 22:1 P Cusye, ie(h) = ye— pu()ye-1, &(h) = Yesn— (Bn(h)yt + %(h)ytfl),
and the coefficients (5, (h), 5, (h)) is as in (3) and p,(h) is defined in (5). Define

Rn<h) =

/2

S (h)a(h)?

S ep, h)au(h)
=== and - gn = =00 T

I —

—1,

where V = E[&(p, h)2u2] = o* S0, p*P=0 Tt follows that R, (h) = (n—h)2V =12 f, (1 + g,)"/* .
Lemmas D.2, D.3, and D.4 imply P((n—h)"2|V=12f,| > §) < C6* (E[|u|*] + E[u*] + E[uit])
and P((n — h)'?|g,| > 6) < C6~* (E[|u|*] + E[u*] + E[uj*]) .

Step 1: Define f%g’n = (n — h)Y2f, V=172 (1 — %gn + %gi). Due to Lemma D.4, we have

P ((n = )2 [ Ru(h) = Ry

> 54) < 6% (E|w|*) + E[u?*] + E[u*))

since P <n3/2 (1+ gn)fl/2 — (1= 390+ 392)

> 53) < C* (Bl ¥ + E[u2¥] + Eult)).
Step 2: Define Ry, = (n— WY2V"V2 (fio + fon + fon) (1= S+ 2¢2), where f, =

Z?Zl fjn as in Lemma D.2. We conclude

P ((n =R | Ry = Ry

1
> 54) =P ((n — h)YR\vVRf (1 — 30 F ggi) ‘ > 54)

< C5 ™ (ElJw ] + E[ul*] + E[u]) |

where the last inequality follows by Lemmas D.4 and D.2.

Step 3 Deﬁne ng,n - (n - h)1/2V71/2 (fl,n + f2,n + fS,n - %fl,ngn - %f2,ngn + %fl,ngi)
Lemmas D.2, D.3, and D.4 imply P ((n — h)3/? ‘an - }N%fgvn‘ > 54> < Co7 (ElJwl*] + E[u*] + Elut¥]) .

St@p 4 Define fzy,n(h) - (n_h)1/2V71/2 (Z?:l fj,n - %fl,nglm - %angQ,n - %f?,ngl,n + %fl,ng%,n> 5
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where g, = 23:1 gjn as in Lemma D.3. We use Lemmas D.2, D.3, and D.4 to conclude

P ((n =12 | Rggn = Ryn(R)] > 6°) < C3* (Bllwl] + Elui*) + Eu"]) .

Step 5: By Bonferroni’s: P ((n — h)3/2 ‘Rn(h) — f‘?yn(h)‘ > 54> < O (El|w*] + E[u*] + Elu*]) .
Part 2: We consider V2T (z; 02,94, p) is equal to the following polynomial
() + 220 + o) = 5 (@) + FiDele) + oo (2) + S o)) |
(D.1)

where fl(x) = T, f2($) = —072(1 - 02)%%‘, f3($) = ‘774(1 - 102)$5$6(2PI5 + I2), 91(95) =
V~lzs, and

2 2 2
golz) = V71 (—495% - SnT (1—p?) (g(p, h)?x: — —3Ts7+ zh — ;xm:g))

Note that R, ,(h) = V2T ((n — h)TL S X 0%, 4, p), where
X, = (Eeur, U? - a?, (&%’)2 -V, ftu;?, WY1, §eYe-1, gfutyt—h §tut2fyt—1) .

Since z; = y; + p'zo, it follows that

n—nh n—h
Dot Jthi _ Do Stz
n—~h n—~h

P ((n — h)Y?

>w>§CFWEMﬂ+ﬂﬁW

for fy = w, &, & uy, &u?. Then, Lemma D.4 and step 5 in part 1 implies

P ((n - ny*2

Ro(h) = Ru(h)| > 6') < €67 (Bl '] + B[] + E[u"]) .

where R, (h) = V2T <(n —h)TU X a{@bf{,p) and the sequence {X; : 1 <t <n—h}
is defined in (C.13). As we mentioned before, the constant C' includes the constants C’s that
appear in Lemmas D.2, D.3, D.5 and D.6 that only depends on a, h, k, and C,. Finally, we
take § = n1/279/1 m

Lemma D.2. Suppose Assumption 5.1 holds. For any fized h,k € N and a € (0,1). Define

_ S Gl hi(h)

I —
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where &(p, h) = Ze L " i, Wi(h) = yi— po(R)yi-1, and py(h) is as in (5). Then, for any
€ [-1+a,1 — al, there ezists a constant C = C'(h, k,a,C,) such that we can write f, =
fin + fon + fosn + fan , where P ((n — h)j/Q\fm\ > (Sj) < C§k (E[\ut|k] + E[u?*] + E[ufk])
for any § < (n—h)"? and j € {1,2,3,4}.
Proof. In what follows we use & = &(p, h). Using the definition of p,(h), we obtain
- n— n— n— -1
1 = S b (S e\ (i e i
" n—nh n—nh n—nh n—nh '
Let us define the components of f, as follows:
f Zt 1 é'tut
Ln = n—~h
fom = — (1-p% Z;:lh UtYt—1 Z?;h §tye—1
" o n—nh n—nh
Fon = (1-p%) Z?:_lh UtYt—1 Zt 1 ftyt 1 9 Z?;h UtYi—1 Zt 1 up —
s ot n—nh n—nh A n—nh

f4,n = fn - (fl,n + f2,n + f3,n) .

Note that by construction f, = ijl fim- Lemma D.6 guarantees that each sample av-
erage in fi,, fan, and fs, verify the conditions to use Lemma D.4, which imply that
P ((n=h)"?|f;n] > 6) < COFE[u¥] for j = 1,2,3, where the constant C' includes C,

and a.

To prove P ((n — h)*?|f;.] > 6*) < C57* (E[|w*] + E[u*] + E[u*]), we proceed in two
steps.

Step 1: Define
n—h

W= Zet= 1(1_P Jo 27y

n—h
We can use (1) and algebra to derive the following identity

—1.

_2 2 n—h n—h 92
Yn—h oDt W1 72215 | up —o?

= 2
W n—~h +epo n—~h n—~h
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This implies that

fom = (1 _QPQ) <Z?_1h ut?ﬁ—l) (Z?_fl §tyt—1> (Wn+ 02%21}1) '

o n—~h n—~h n—~h

Therefore, fi, = fo — fin — fon — fan 1s equal to
(1—p7) Z?—_lh Utyt—1 ?—_1h §iYi -1 o Y
— = = 1 - —(1-W, — 7.
o2 n—nh n—~h (1+Wn) ( Wn) + n—~h

Step 2: Due to Lemma D .4, it is sufficient to show that

P((n—h)*" 1+ W, = (1=W,)| >6%) <O (Elw/*] + Bu*] + E[u;*])  (D.2)

and )
g yn—h

n —

PQn—mw

Note that (D.2) follows by part 5 in Lemma D.4 since P(n'/?|W,| > §) < C6~*E[u?*] due
to Lemma D.6 and § < n'/2. Finally, (D.3) follows by Markov’s inequality and Lemma D.5.

>ﬁ)g0&ﬂﬂ@M+Emﬂ+m¢m. (D.3)

As we mentioned before, the constant C' includes the constants C’s that appear in Lemmas
D.5 and D.6 that only depends on a, h, k, and C,. =

Lemma D.3. Suppose Assumption 5.1 holds. For any fized h,k € N and a € (0,1). Define

S a(hy?

—1
In V(n—h)

where V = o* 22:1 p2h=0 " &,(h) is as in (3) Gy(h) = yr — pu(h)ye—1, and pu(R) is as in (5).
Then, for any p € [—1+4a,1—al, there exists a constant C' = C(h, k,a,C,) such that we can
write g, = G1.n+92n+gsn , where P ((n — h)1/2|g; .| > 67) < C0F (E[|ue|¥] + E[u¥] + E[ug¥])
for any 6 < (n—h)? and j € {1,2,3}.

Proof. In what follows we use & = &(p,h) = 2221 p"u, . As we did for the case of f,

in Lemma D.2, we utilize the linear regression formulas to define the components of g, as

69



functions of the sample average of functions of &, u;, and y;_1:

;:lh(f?u? - V)
n— h

2
Vipn — Z tue 3 ZZ:{L ruy ZZ:{I ftU?
2T g n—nh o? n—nh n—nh
n—h 2 2 n—h n—h ¢2
_ 2 2 [ 21 Wl _ 2(1 = p%) [ 21 Wl P
+ (1 =pY)g(p, h) ( — ) = F— n—h

2
Zt ftyt 1 2(1 — 02) Z?;h §tYi—1 Z?;h ftufyt—l
+<1_p)< r— ) T ( o h )( =

Vgsn =Vgn =V (910 + 920) »

Vgl,n =

where 1! = E[ul] and g(p, h)> = Y, p**9. By construction g, = 23:1 gjn- Lemma D.6
guarantees that each sample average in ¢, ,, and g, verify the conditions to use Lemma D.4,
which imply P ((n— h)7/?|g;,| > 67) < C67* (E[uf*]) for § < (n — h)/* and j € {1,2}, ,
where the constant C' includes C,, and a. In what follows we prove P ((n — h)*/?|gs .| > §%) <
C57" (Elluw|*] + E[uf*] + E[u*]).

First, we write Vgs,, = Ry1 + Rg2, where Ry and R,» are specified below. We will
prove that P((n — h)*?|V7IR, ;| > §%) < C6*E[uf*] for j = 1,2. To compute g3, we use
equation (3) and the following equality

&(h) = & — (Bu(h) — Blp, h))us — fulpy h)yer
where 7, (p, h) = pBa(h) + An(h). We also use that (k) = g — pu(P)ye1 = t — (pu(h) —

p)yi—1. In what follows, we use 3 = B,(h), p = pn(h) and 7 = 7,(p, h), and 3> = 37" to
simplified the heavy notation. We obtain R, is equal to

2flrn e U (B )] (Bt ) o fig g - L2 (R )
+2[(p—ﬁ)+<1;2p2) (%“iyﬁf)] (fofi%“)%f {w B (Ziu)}

oo (RS (325) o i 5 (B) |
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and we obtain that R, is equal to

n—h 1— p? n—h 1—p?
(68— B (o - >(Z“ty;1)+z<n—m2<p—ﬁ> (%)ww 0o~ 57 (thﬁt?f )

405 = D)o~ ) (Y oty gt (B - iy (M

#2068 — 00— ) (Z2) 1205 - By - o - 7 (1)

n—nh
+ (8- B0 - p) (Z“tygl—lip) +4(8 = B)(n—0)(p— p)(zn“iy,gl—lfpg)
w— i (B2 - B o o) a2
ot 2 12 A o O 7)2 H)? 6%
+1_p2(5—6) (p =) +4(ﬁ—ﬁ)(n—n)(p—p)1_p2+("7—77) Ol ey

Note that P((n — h)3¥2 VIR, | > 6°) < Co*E[u}*] follows by Lemmas D.4, D.6, and D.7,
since each term between parenthesis in the definition of R,; appears in Lemma D.6 or in
items 5-8 of Lemma D.7. Similarly, P((n — h)*?|V"IR, | > 6*) < CS5FE[u¥] follows by
Lemmas D.4, D.6, and D.7, since each term between parenthesis in the definition of R,
appears in Lemma D.6, the terms in brackets appears in items 1-4 of Lemma D.7, and the
terms between curly brackets can be written as the product of terms like parenthesis and

brackets terms. m

Lemma D.4. Let {W, ; : 1 < j <r} be a sequence of random variables. Suppose that there

exist constants c; and C' such that
P(n'2|W, ;| > ¢;0) < C65F
for j=1,..,r and some k € N. Then, for any r > 2 and § < n'/?, we have
L P S Wl > (S e)8) < 6
2. PPy Wayl > (ITj=y ¢5)87) < rCo6 .

3. P(n1/2|Wn,1 + H;:Q Wn7j| > (Cl + H;:z Cj)5) S QC(ka .

4. If ein™Y25 < 1. Then, P([Wpo1| > 1—0) < C6~* for any b € (0,1 — c;n~1/26).

71



5. If ein™'25 < 1. Then, for any b € (0,1 — c;n~"/25), we have

1
P (n3/2|(1 + W)= (1 - §Wn,1 + gwfbl)‘ > %b7/20?53> <4Co7h
and 9
P n22(1 -1 _(1_ 2 52) < —k
(n |( + Wn,l) ( Wn71)| > 1+ (1 _ b)sé ) <309

Proof. Bonferroni’s inequality and {|W,, 1| > 1—b} C {n'/2|W,, 1| > ¢,6} for b < 1—ein=Y25
imply the proof of items 1-4. To prove the first part of item 5, we use Bonferroni’s inequality
to conclude that the left-hand side in item 5 is lower or equal to the sum of P(|W,, 1| > 1—0)

and

1 3 5
P (n3/2|(1 + W) V2= (1 - 3Wai+ §W,f71)| > 1—61)—7/%?;53, Wil <1— b) :
Item 4 implies that the former term is bounded by C'd~*, while the latter term is lower or

equal to

5 b}
P (w2 2 W > b A W <1-8) |

where the left-hand side term inside the previous probability used the Taylor Polynomial
error and |W, 1] < 1 —b. By item 2, the above probability is lower or equal to 3C§~*.
Finally, adding the upper and lower bounds concludes the first part of item 5. The second

part is analogous. m

Lemma D.5. Suppose Assumption 5.1 holds. For fivzed a € (0,1) and k > 1. Then, for any
lp| <1 —a, there exists a constant C = C(a, k) > 0 such that

E[lynm < CE[|un|k] , Vn=1.
and P(n=Y2ys| > 8) < C 6 *E[|u,|**] , Vvn > 1.

Proof. The proof goes by induction. For k = 1, we have |y,| < |p||yn_1| + |tn|, which implies
that
Ellyal] < Ellual] (1 + |p| + .. + 1p"™") < Eljunl] a™" .

Therefore, the constant C'= a~!. We can also derive 4> = p*y> | +2py,_1u, +u2, which im-
plies Efyz] < p*Ely;_1]+2[p|El|yn-1un|]+E[uy]. Using that Ef|y,—1un|] = El|yn-1[]E]Ju,|] <
a 'Elu2], we conclude ElyZ] < p*Ely2_,] + (2|pla~* + 1)E[u2], which implies E[y2] <

n —
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(2lpla™ + 1) Eu2] (14 p* + ... + p*™7V) < C1(a)E[u?], where Ci(a) = (2(1 — a)/a+ 1)/a.
In this case, the constant C' = C(a).

Now, let us use C(a) to construct Cy(a) and so on. Suppose we already compute C(a).

Now, let us compute Cii1(a). We have

2k
2k+1 _  2k+1 2k+1 2k+1 2k+1 0 2k+1—4 E 2k+1
Yo =P + E C; Ynon Uy, +uy,
/=1

By triangular inequality and similar arguments as before, we obtain

2k
B2 < [P Bl P+ 30 CFF o B a P Bl ) + Bl P
(=1

and by the inductive hypothesis, we know E[|y,_1|** "~ E[|uf,|] < Cy_r/aE[|un|***], where
we used that E[|X|*E[|X|"] < E[|X|*"*]. Thus, the inductive hypothesis implies that

2k
E[kaJrl] < |p|2k+1E[|yn71‘2k+l] + E[‘Un‘2k+l] (Z C§k+1‘p‘2k+lféck_z/2 + 1) ’
=1

in a similar way as in the initial case, we conclude. Note that the final constant C only

involves a and k. The other case is analogous. m

Lemma D.6. Suppose Assumption 5.1 holds. For a given h,k € N and a € (0,1). Then,
for any |p| <1 —a and h € N, there ezist a constant C = C(a, k,r,s,h,C,) > 0 such that

1. P((n—m)"2|(n—h) S urys | —myl| > 6) < C5FE [Jug| " +9)%]
2. P((n—h)"2|(n = )™ S Gupyiy| > 0) < O5E [Jug] 0]

3. P((n—h)"2|(n— h)™ S & — V] > 38) < OO Eluft]

4. P((n—=h)"V2|(n— k)~ 300 Guyia| > 30) < C6FEluj]

5. P((n—=0)"|(n—h)" 300 &yl — otglp, W1 = p?) 7| > 56) < O6FEfuf*]

1/2
forany § > 0 and anyn > h, where & = &(p, h) = Zz P e, glp, h) = <Zz_ 2(h— e) ’
and m,s = E [u{ <Zj21 pj_lut_j> } )
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Proof. Define the filtration F; = o(u, : t < j). In what follows, we use Markov’s inequality,
Lemmas D.4, D.8, and D.5. The constant C' will replace other constants and will only depend

ona, k, r, s, h, Cy, and the constants that appears in Lemmas D.8 and D.5.

Item 1: We prove this item by induction on s. First, consider s = 0 and » > 0. Note
that {(u] — Efu}], F;) : 1 <t < n — h} define a martingale difference sequence. Therefore,
Markov’s inequality and Lemma D.8 imply P( (n — h)Y2|(n — h) "' S0 ul — myo| > 6) <
Co~"FE [|u|™], since m,o = E[u;]. Let us suppose that item 1 holds for any (r,s) such
that 7 > 0 and s < sg (this is a strong inductive hypothesis). Next, let us prove item 1 for
(r,s0+1). We write

n—nh
(TL - h)il u;yfo+1 mr,so+1 = [1 + 12 )
t=1
where I = (n—h) ™ S0 (u = myg) it and I = (n—h)~ S0 o (42 = mo i)

Note that {((u]; —m;p) ytOJrl Fi) 11 <t <n—h} define a martingale difference sequence;
therefore, we conclude that P((n — h)Y2|I;| > §) < CS FE[|uy|*++1] using Markov’s

inequality and Lemmas D.8 and D.5. Now, let us write

so+1 s + 1
so+1 __ so+l _ so+1 so—i-l 0 so+1 j ] so+1—j
yi' = (pye—1 + ue) + Uiyt

which implies the following identity

n—h s so+1
s0+1 1 so+l _ ytOH — so+1 so+1—j -1 i so+1—j
(1=p ) (n=h)" >yt = — +> - p Zuty :

t=1 j=1 J

In a similar way, using z; = > i>1 /' ~tu,_; instead of y;, we can derive the following identity

so+1
s S0 + 1 s —J
(1= p " mo sps1 = Z ( j >P Iy g1 -
j=1

Using that |m,.o|* = |E[uf]|* < E[|u¢|™], the previous two identities, the inductive hypothesis
to (n—h)™! ::lh wly o — Mjsot+1—; for 3 =1,...,50+ 1, and Lemmas D.5 and D.4, we
conclude that P((n — h)Y2|I;| > 6) < C5*E[|u|*+*0+1], which completes the proof due to

Lemma D 4.
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Item 2: Consider the following derivation for a sequence of random variable f; € F;:

n—h n—h h n—h t+h n

— h—t _ t+h—j _
E &fi = § E P Upye fr = § E P ]Uj Ji = E Ujbn,j )
t=1 t=1 (=1 t=1 j=t+1 j=1

where b, ; = Z]—] WP f T{1 <t < n— h}. Note that {u;b,; € F; : 1 < j <n-—h}

defines a martingale difference sequence and

Effusba|] < 171 Y7 p I EllugME(fFI{L < t < n — R}

t=j—h

< CrpaBllu"] 1<T§1<%LX_}LE[|ft|k] :

where Cgpo = mally, we take f; = ujy; ; and use U Yy
here Cypq = hF1 “ (h=0k  Finall k 'y, and Elluiys |F

CE||ug|™™ E[|u¢|**] due to Lemma D.5. We conclude by Jensen that E[|u|*]E[|f:|*]
’(l—i-s-‘rr)k]'

IAIA

EHut

Item 3—4, we write each expression as the sum of its expected value and three martingale
difference sequences. For item 3, we did a decomposition to prove (C.16) in the proof of
Lemma C.4.

Item 5: We proceed in a similar (but not exactly) way as in the proof of items 3 and 4. Let

us write S0 €2y | — a*g(p, h)*(1 — p?)~" as the sum of three terms:

n n n—h
D Wk = oMb+ Y widn;+ gl h)Pot (1= p) Y (0721 — Pyl — 1)
j=1 j=1 j=1

where b, ; = 337~} Zip PPy ({1 <t <n— h} and

j—1 j—t—1

dnj = Z Z U p? TRy {1 <t <n— R}

t=j—h fla=1
Note that as before that (u? — 02)1)”7]' and u;d, ; define a martingale difference sequence

with respect to F;_;, and we can proceed as before. What is new is the third term, which

can be controlled using item 1 and using that mgs = 0%(1 — p*)~!. In particular, we obtain
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that
P((n— h1/2 th?/t 1 (0, 1) (1= p) 7 >80) < L+ I+ I3
by Bonferroni’s inequality, is lower or equal to

Iy =P(|(n—h)72> (u? = 0%)by | > 8) < 67FChpandi E[uf")

Jj=1
L=P(|(n=h)""*> ujdy;| > 06) < 67*Chpapdi Bl Elui*]”
j=1
g(p,h)*o*
Iy =P(|(n—h)~ 1/217——p Z<072(1 — )i — 1] > 6) <6 diChpasBlui™
j=1

where we compute the first and second constant as we did in the proof of items 3 and 4,
Chonar = 2CohP =10 (1 — a)2=0k Cy 1y = B2EDCy S S (1 — g)h—ti-ta)k,
while the third one follows by item 1 and using that mgs = 02(1 — p?)~!, Crpas = 28(Cy, +
2) (Z?:1(1 — a)z(h_f)>k. We conclude I + I + I3 < C5*E[ul*], where the constant C

absorb all the previous constants. m

Lemma D.7. Suppose Assumption 5.1 holds. For fized h,k € N and a € (0,1). Then, for
any |p| <1 —a, there exist a constant C = C(a, k, h,Cy) > 0 such that

1. P ((n—hP2 [pulh) = p— (1 = pRlo2 BELt0ms

> 0%) < CoF (Ellul*] + B[u"])

212 |Bu(h) = Blp, h) — o 2SN 5 §2) < O (Eljul*) + E[u*))

>wﬁgC&MMMM+EWW

PQn—m
) (o, Ry :l:_h t(p,h)ut
3. P ((n . h)2/2 ':)/n(h) _ (1-p )z;,iéfhgp h)yt—1 + 02021(:_(;;)/1)
P ((n h)

212100, 1) = nlp, ) — SELRELEN | 62) < 5 (Bl|ug¥] + E[u¥])
5. P(n'2|p, — pl > 8) < C67F (Bljurl] + E[u"])

6. P(n'/?B,(h) — Bp, h)| > 6) < Co~* (Ef|u,/*] + Efui"])

7. P23, ()| > 8) < C67F (Bllu,]*) + B[u?])

8. P(n'?f, —n| > 6) < C5~* (E[|w|*] + E[u*))
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for any 6 < n'/?, where p,(h) is as in (5),

" (Bu(h), An(h)) is as in (3), and &(p,h) =
S P e (o, h) = pBa(h) + An(R), n(p, k) = pB(p,

h).

Proof. To prove item 1, we first use the definition of p,,(h),

pu(h) — p = (n— )_12?_1]17%% 1 (1 —p*) 3wy 1(1—|—W)

(n—nh)- Zt 1 yt 1 02(n—h)

where W, = (1 — p*)o~2(n — h)~"' 27-'y> | — 1. Using this notation, we have

(1=p%) > wyi _ (1=p°) 2wy

) =P = =) T ofn—h)

(A+wW,)"=1) .

Since P(n'/2|(n—h)"2 31wy 1| > 6) < CoFE[u?*] holds by Lemma D.6, it is sufficient
to show that P(n'/?|(1+ W,)~! — 1| > §) < CO*E[u?*] due to Lemma D.4. To prove the
last inequality we use P(n'/?|W,| > 6) < Co~*E[u?*] (which holds by Lemma D.6) and part

5 in Lemma D .4.

The proof of items 2-3 follows from the same arguments as before. Finally, the proof
of item 4 follows by the results of items 2 and 3, the definition of 7, (p, k) and n(p, h), and
Bonferroni’s inequality. Items 5-8 are implied by items 1-4, Bonferroni’s inequality, and
Lemma D.G. m

Lemma D.8. Let {Z, : 1 <t < n} be a martingale difference sequence. Then, for any
k > 2, we have

S dkﬂn,k )

n k
n—l/Q Z Zt
t=1

where B =n"t> " E[|Z*] and di, = (8(k — 1) max{1,2"3})F.

Proof. See Dharmadhikari et al. (1968), where this lemma is the main theorem. m

D.2 Proof of the Lemma B.5
Proof. For item 1, for any fixed € > 0, there exist Ny = Ny(¢€) such that the next inclusion

{1pnl > 1—a/2} C {n?|p, — p| > 0>} U{|p| >1—-a},
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holds for any n > No. Since |p| < 1—a, we conclude P (|p,| > 1 —a/2) < P (n'/?|p, — p| > n'/?) <
Cn 7 (Bflu|™] + E[uf’“]) , for k1 > 2(1+4¢€)/(1 —¢€), where the last inequality follows from
Lemma D.7 in Appendix D.1. This proves item 1.

For item 2, we use the definition of @, in (13), 4; = y; — pnyr—1, where p,, is as in (12), and
the model (1) toobtainn™* Y1 af =n~' >0 (4 —a) =n"' >0 (ue+ (p— po)ye—r — 0) ",
where @ =n 1Y up+ (p— po)n o7, yi—1. Using the multinomial formula and the pre-

vious expression, we have that n=' Y 7" | @} is equal to

3 r ~ ro xp .
! Z Z ( > ut ((p— pn)ye—1) 0" =1 + Iy + Euy]

r,Tro,T
t=1 r1+ro+rz=r 1,712,713

where

n
7" —
_ A \T2 T3 -1 1,72
L = § ( ) (p— pn) u n E U Y~ — My ey
T1,7T2,7T3 =1

ri+re+r3=r

r A \T2 AT r
I = Z (7”1,7”2,7’3) (p B Pn) L UMy gy — E[Ut]

ritre+ry=r

i—1 r2
r1 i—1—j
Uy E P uj
Jj=1

Note that Lemmas D.4, D.6, and D.7 in Appendix D.1 imply that P(|p—p,| > n"¢) < Cn~17¢
, P(Ja] > n™¢) < Cn717¢ and P(|n =t Y20 ui'yi? — M| > n7¢) < Cn~17¢ for some
constant C. Therefore, Lemma D.4 implies P(|;| > n™¢) < Cn~'7¢ for j = 1,2. This
implies that, for a fixed r, we have P([n=' Y"1 | ay — Eu}]| > n™¢) < Cn~'7-

My g = B

For item 3, we note that item 2 implies P(jn~' > " | @7 — E[uf]| > Euf]/2) < Cn~'7¢ .
Therefore, we conclude item 3 by taking C, = FE[u?]/2. For item 4, we note that item 2
implies P(|n~!' >0 4* — Fluf*]] > 1) < Cn~'7¢ . Then, we conclude item 4 by taking
M=FE[u*]+1. =

D.3 Proof of Theorem B.2

Proof. The proof of this theorem has two steps.

Step 1: The sample average (n — h)~1/2 Z;:lh X; has a valid Edgeworth expansion up to

an error o (n‘3/ 2) due to the results in Gotze and Hipp (1983). Assumption B.2 and the
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definition of X} in (B.4) guarantees that we can use Theorem 1.2 in Go6tze and Hipp (1994),
and this in turn implies that we can use the results in Gétze and Hipp (1983) (Theorem 2.8
and Remark 2.12). We obtain an approximation error of o (n=%/?2) since E[|X,|%] < +oo0,
which holds due to Assumption B.2.(iii).

Step 2: The proof of Theorem 2 in Bhattacharya and Ghosh (1978) and the Edgeworth
expansion for the sample average (n — h)~*/2 Z;:lh X; guarantee the existence of Edgeworth
expansion for the distribution J, defined in (B.6). Furthermore, the function q;(z, h, P, p)
for j = 1,2,3 is a polynomial in x with coefficients that are polynomials of the moments of
X (up to order j+2) since the sequence X; is strictly stationary (|p| < 1). In particular, the
coefficients of the polynomial ¢;(z, h, P, p) for j = 1,2 are polynomials of moments of P (up
to order 12) and p since the moments of X; can be computed using the moments of u; and
p. Moreover, g;(z, h, P, p) = (—=1)/q;(—z, h, P, p) since the sequence X; is strictly stationary.
[

D.4 Proof of Theorem B.3

Proof. The proof has two steps.

Step 1: Define the events E,; = {|pn| <1—a/2}, Epo = {n 'S0 @2 > C,}, and B, 3 =
{n=' S0 @ < M}, where C, and M are as in Lemma B.5. Define E,, = E, 1N E, 5N E, 3.
By Lemma B.5 and Assumption 5.1 it follows that P(E¢) < Cyn~'7¢ for some constant
C5 that depends on the moments of w;. Since k > 8, it follows that, conditional on F,,,
the empirical distribution P, verifies part (i) and (iii) of Assumption B.2. It is important
to mention that Gotze and Hipp (1994) use part (i) of Assumption B.2 to guarantee the
dependent-data version of the Cramer condition that appears in Gotze and Hipp (1983); see
Lemma 2.3 in Gotze and Hipp (1994).

Step 2: Condition (iii) in Lemma 2.3 in G6tze and Hipp (1994) holds for the the bootstrap
sequence Xy, since it holds for the original sequence X;, otherwise the function F' in (B.3)
verifies equation (8) in Gotze and Hipp (1994). Therefore, the dependent-data version of
the Cramer condition holds for the bootstrap sequence X;,. The results in Gotze and Hipp
(1994) implied that Edgeworth expansion exists for the sample average. Then, conditional

on the event E,, we can repeat the arguments presented in the proof of Theorem B.2. m
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E Additional Tables

This appendix presents the additional results of the simulations.

P h RB RBper—t RB}wg WB WBper—t GBLR AA AAhCQ AAhcg
Design 1: Gaussian i.i.d. shocks

095 1 035 035 0.35 0.35 0.35 0.13 0.33 0.34 0.35
6 083 081 0.83 0.86 0.84 0.54 071 0.73 0.74

12 1.07 1.03 1.07  1.12 1.09 0.81 0.89 0.91 0.93

18 1.15 1.11 1.15  1.21 1.17 0.97 0.98 1.00 1.03

.00 1 035 0.35 0.35 0.35 0.35 0.07  0.33 0.34 0.35
6 097 093 0.97 1.00 0.96 042 080 0.82 0.84

12 1.51 1.41 1.51  1.57 1.48 0.77 112 1.15 1.17

18 2.01 1.83 2.01  2.09 1.92 1.07 1.36 1.39 1.42

Design 2: Gaussian GARCH shocks

095 1 044 0.43 0.44 0.46 0.45 0.13 041 043 0.44
6 093 0091 0.94 1.00 0.98 0.54 080 0.82 0.84

12 1.10 1.06 1.11  1.19 1.15 0.799 091 094 0.97

18 1.13 1.09 113 1.22 1.18 094 095 0.98 1.01

1.00 1 0.44 0.43 0.44 0.45 0.45 0.07 0.41 0.42 0.44
6 1.10 1.06 111 1.7 1.13 042 091 0.93 0.96

12 1.60 1.50 1.61 1.73 1.63 0.77 118 1.22 1.25

18 2.04 1.86 2.05 221 2.04 1.06 1.37 1.41 1.45

Design 3: t-student i.i.d. shocks

095 1 033 033 0.34 0.33 0.33 0.13 031 0.32 0.33
6 081 0.79 0.82 0.84 0.82 0.54 0.68 0.71 0.73

12 1.05 1.02 1.06 1.10 1.07 0.80 0.86 0.89 0.93

18 1.14 1.10 1.15  1.19 1.16 0.97 094 0.98 1.02

.00 1 033 0.33 0.34 0.34 0.33 0.07 0.31 0.32 0.33
6 094 0091 0.95 097 0.94 042 077 0.79 0.82

12 1.49 1.39 1.50 1.54 1.45 0.77 1.07 1.11 1.16

18 1.96 1.79 1.98  2.03 1.87 1.08 130 1.35 1.41

Design 4: mix-gaussian GARCH shocks

095 1 046 0.45 0.46 0.46 0.45 0.13 0.42 0.43 0.44
6 089 087 0.90 0.96 0.94 0.55 0.77 0.79 0.82

12 1.01  0.98 1.02  1.11 1.07 0.78 0.86 0.88 0.91

18 1.02 1.00 1.03 1.12 1.08 0.88 0.89 0.91 0.94

1.000 1 046 045 0.46 0.46 0.46 0.08 042 0.43 0.44
6 1.06 1.01 1.07  1.12 1.09 0.45 0.87 0.90 0.92

12 1.50 1.40 1.51  1.62 1.53 0.79 1.11 1.14 1.18

18 1.88 1.71 1.89  2.06 1.90 1.08 1.28 1.31 1.35

Table E.1: Median length of confidence intervals for 5(p,h) with a nominal level of 90% and
n = 95. 5,000 simulations and 1,000 bootstrap iterations.
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P h RB RBper—t Rthg WB WBper—t GBLR AA AAhCQ AAhcg
Design 1: Gaussian i.i.d. shocks

095 1 80.32 77.86 80.36 79.80  77.42 33.00 80.14 79.98 79.98
6 92.02 8844 92.00 91.92  89.02 85.68 91.88 91.92 91.84

12 91.82 90.14 91.74 91.94 90.56 88.80 91.24 91.28 91.24

18 91.90 90.36  91.98 91.72  90.22 89.30 91.38 91.40 91.42

1.00 1 79.04 76.14 79.12 79.50 @ 76.40 15.28 79.32 79.34 79.24
6 92.06 87.66 9222 91.82 88.64  75.14 91.88 92.02 91.94

12 9256 89.86  92.70 92.78  90.12 84.96 93.06 93.00 93.06

18 92.06 90.72  92.08 92.04  90.50 87.54 92.08 92.14 92.18

Design 2: Gaussian GARCH shocks

095 1 84.48 82.16 84.62 84.64 82.88 41.62 84.26 84.46 84.62
6 9230 89.74 92.36 92.44 89.18 87.80 92.22 9220 92.20

12 91.94 90.44 91.90 92.14 90.28 89.90 91.72 91.70 91.64

18 91.76  90.70  91.76 91.66  90.52 90.30 91.50 91.56 91.58

1.00 1 84.30 81.48 84.46 84.36 82.22 16.94 84.34 84.42 84.38
6 9252 8944  92.64 92.70  89.50 75.92 92.62 92.66 92.72
129278  90.28  92.86 92.40  90.06 85.76 93.02 92.86 92.94

18 92.14  90.78 92.12 92.20 90.32 88.18 92.28 92.32 92.28

Design 3: t-student i.i.d. shocks

095 1 7836 7478 7854 7746  T4.68 32.14 7834 78.02 78.32
6 91.80 88.08 91.80 92.08 88.34  86.58 91.72 91.60 91.54

12 91.84 90.40  92.00 91.74  90.08 88.90 92.08 92.06 92.06

18 91.74 89.86  91.50 91.70  89.82 89.52 91.32 91.32 91.44

1.00 1 7748 7344 7798 76.18  73.88 14.62 77.30 77.50 77.68
6 92.00 8828 91.78 92.06  88.08 73.00 92.02 91.78 91.72
129290 89.62 92.80 92.80  89.62 83.60 92.82 92.82 92.66

18 9216 90.26  92.20 92.36  90.60 86.60 9230 9242 9240

Design 4: mix-gaussian GARCH shocks

095 1 9292 86.04 9340 93.76 91.70  47.00 92.64 92.84 93.18
6 93.68 91.62 93.72 93.64  92.00 90.54 93.72 93.78 93.80
129248  91.64 9238 9254  91.70 90.92 92.60 92.60 92.52

18 92.00 91.26 91.82 91.78  90.76 90.86 91.70 91.62 91.74

1.00 1 93.14 84.72 93.72 93.54 91.42 20.76 92.78 93.18 93.44
6 9420 91.86 9420 93.96 92.14  80.00 94.52 94.58 94.50
129230 9148 9228 9240  91.58 87.54 92.88 92.88 92.80

18 9226 92.12 92.26 92.16 91.64 89.22 9226 92.30 92.20

Table E.2: Coverage probability (in %) of (size-adjusted) confidence intervals for 5(p, h) x 0.9 with
a nominal level of 90% and n = 95. 5,000 simulations and 1,000 bootstrap iterations.
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p h RB RB,,—+ RBrs WB WB,,_, AA AAyo AApg
Design 1: Gaussian i.i.d. shocks

0.95 18 89.44 87.52 8946 89.66 88.74  87.20 87.40 87.68
40 90.30 87.92  90.28 91.06 88.98  88.74 89.08 89.48

1.00 18 88.62 88.78 88.56 89.14  89.58 8216 82.70 83.02
40 86.56 84.80  86.52 86.64 85.78 7856 7888 79.16

Design 2: Gaussian GARCH shocks

0.95 18 86.64 86.44  86.70 88.58  88.20  84.28 84.62 85.22
40 89.18 86.84 89.24 90.36 87.90 87.46 87.88 88.32

1.00 18 87.10 87.50 87.22 89.26 89.72  80.82 81.28 81.94
40 84.10 8256  84.10 8546  85.16  76.54 76.88 77.30

Design 3: t-student i.i.d. shocks

0.95 18 89.06 88.04 89.06 89.82 88.78  86.04 86.68 87.38
40 89.84 87.26 89.94 90.66 88.70  88.04 88.72 89.46

1.00 18 89.36 88.96 89.54 89.98  89.42 8236 83.00 83.64
40 85.96 8490 85.82 86.52 86.24  77.90 7854 79.28

Design 4: mix-gaussian GARCH shocks

0.95 18 83.00 86.32 83.10 84.50 87.50  81.22 81.54 82.00
40 8720 86.18 87.24 88.64 87.56  86.00 86.50 87.02

1.00 18 84.06 88.68  84.22 86.04 90.42 76.98 T7.34 7780
40 81.24 84.06 81.20 8276 8590 73.44 73.98 74.36

Table E.3: Coverage probability (in %) of confidence intervals for 5(p,h) with a nominal level of
90% and n = 240. 5,000 simulations and 1,000 bootstrap iterations.

E.1 Monte-Carlo Simulations for a VAR model

We consider a Bivariate VAR(4) model as in Montiel Olea and Plagborg-Mgller (2021b):

1 \* 1 U i.i.d. 103
Yt = pYre-1 + Uiy, (1 - §L> Y20 = gl Tz (U;> o (07 <0'3 1 )) |

We construct confidence intervals for the reduced-form impulse response of y,; with respect
to the shock uy 4, that is, we set v = (1,0) and i = 2 according to the notation of Section 7.

The confidence intervals that we use are listed below:

1. RB: confidence interval as in (25) based on the LP-residual bootstrap in Section 7.

2. RB,.,_;: equal-tail percentile-t confidence interval based on the LP-residual bootstrap

described in Section 7 and similar to the one described in Remark 4.1.

3. WB: confidence interval as in (25) but using c***(h, 1—a) instead of ¢*(h, 1—a), where

c**(h,1 — ) is based on the LP-wild bootstrap, that is, the LP-residual bootstrap
described in Section 7 with a different step 2 as in Remark 3.2.
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4. WB,.,_: equal-tail percentile-t confidence interval based on the LP-wild bootstrap.

5. AA: standard confidence interval as in Montiel Olea and Plagborg-Mgller (2021a).

Table E.5 presents the results of the simulation in terms of coverage probability and

median length. It reports qualitatively similar results as the ones presented in Section 6.

The confidence interval RB performs better than A A and is similar to WB for all horizons.

Table E.4: Monte Carlo results: bivariate VAR(4) model

Coverage Median length
h RB  RBp—t+ WB  WB,,_, AA RB  RB,,—t WB WB,,_;, AA
p = 0.00
1 89.700 89.660 90.160 90.040 89.280 0.232  0.232  0.235 0.235  0.228
6 90.440 89.180 91.200 90.060 88.640 1.450 1.440 1.487 1.476  1.376
12 89.320 88.780 90.320 89.860 87.480 1.572 1.565 1.614 1.605  1.490
36 89.940 89.500 90.760 90.560  88.160 1.657  1.653 1.705 1.701  1.577
60 89.300 89.220 90.220 90.200  87.200 1.771 1.767  1.826 1.824  1.671
p = 0.50
1 89.820 89.800 90.160 90.060 89.380 0.232  0.232  0.235 0.235  0.228
6 90.340 88.920 91.040 89.860 88.040 1.705 1.680 1.744 1.720  1.590
12 89.080 87.820 90.040 88.640 86.660 1.968 1.942  2.017 1.997  1.830
36 89.880 89.460 90.840 90.320 88.160 2.036  2.023  2.095 2.082 1.934
60 89.060 89.060 90.120 90.220  86.500 2.178 2169 = 2.251 2.238  2.048
p=0.95
1 89.740 89.740 90.120 90.080 89.320 0.232  0.232  0.236 0.236  0.229
6 89.640 88.880 90.360 89.500 85.960 2.346  2.243  2.393 2.289  2.084
12 87.960 87.860 88.500 88.660 81.500 4.824  4.374  4.935 4482  3.786
36 82.740 80.660 83.740 82.020 77.380 6.207  5.640  6.421 5.836  5.040
60 88.300 87.300 89.380 88.500 82.460 6.003  5.644  6.197 5.826  5.185
p=1.00
1 89.900 89.780 90.200 90.100 89.420 0.233  0.233  0.236 0.236  0.229
6 87.420 88.520 87.940 89.180 82.060 2.483  2.333  2.534 2.381  2.152
12 82920 87.020 83.960 87.860 71.540 5.950  5.142  6.067 5.266  4.306
36 70.060 73.460 70.800 74.580  46.320 14.159 10.863 14.556  11.188  7.528
60 53.060 57.300 54.340 58.560 28.860 13.932 10.433 14.365 10.767  7.904

Table E.5: Coverage probability (in %) and median length of confidence intervals for 5(p, h) with

a nominal level of 90% and n = 240. 5,000 simulations and 2,000 bootstrap iterations.
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